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FORWARD 
This is a progress report of work that is continuing, and the 
results should therefore be considered as preliminary. Progress in 
developing nume·rical solution capabilities to the transient flow 
problem resulting from moisture applied at the surface by an in-
filtrometer are given along with results from several solutions to such 
problems with preliminary analyses of these results. It is hoped that 
not only will these results be useful but will also give guidance in 
improving the techniques of solution and the computer programs for 
carrying out the necessary computation and in obtaining experi-
mental verification of the phenomena predicted by the theoretical 
models. 
ABSTRACT 
The partial differential equation initial-boundary value pro-
blems which describe the three-dimensional axisymmetric flow of 
water from an infiltrometer through partially saturated soil are 
solved by finite differences using the alternating direction implicit 
method. Pertinent features which describe the flow characteristics 
obtained from 34 solutions for varying initial conditions and for 12 
soil types are summarized in tables and figures. Relationships 
between such features as depth of penetration and lateral movement 
of the wetting front and rate of application and initial hydraulic head 
or tension in the soil are developed for several of these soil types 
from analyses of the results. 
iii 
BACKGROUND 
The work reported herein is part of a cooperative research 
effort under the direction of the Northwest Watershed Research Cen-
ter, Agricultural Research Service, at Boise, Idaho. As a component 
of the total watershed research effort by ARS to ultimately develop 
a physically-based, digitally-simulated hydrologic response model 
needed to describe the entire hydrologic cycle over and on a water-
shed, this research is directed toward infiltration. The study of the 
problem of infiltration is being carried out on several fronts simulta-
neously under the direction of the Northwest Watershed Research 
Center. The personnel at the Boise headquarters, in addition to giving 
overall guidance, are responsible for the experimental and data 
collection portion of the studies, including field measurements from 
infiltrators, measurements of flow to and from the watershed system, 
rna pping of soils, and studies of their properties. 
The responsibility given to the Utah Water Research Laboratory 
is to develop the rna thema tical models for describing the flow system 
resulting from infiltration in a mountain watershed, and to develop 
the methodology and digital computer programs for solving these 
mathematical models, using as a guideline the recommendation in 
the planning and survey report by Nelson and Jeppson (1968). The 
first effort dealt with steady-state models, because there was more 
assurance that successful solutions would be obtained to these 
models, than to the corresponding complex unsteady state models. 
Furthermore, solutions to steady-state models can contribute sub-
stantially to understanding the important features of the flow system 
and the influences and effects of various parameters and features of 
the watershed. One such steady-state model which was developed 
from last year's effort, was for the two-dimensional flow system 
resulting from the melting snow over the upper portion of the water-
shed (Jeppson, 1969). Another effort at the Utah Water Research 
Laboratory has dealt with the numerical solutions to steady-state 
axisymme tric infiltration, to determine the influence of various soil 
properties on the_ flow patterns as well as the magnitude of the 
"spreading effect." The results from this study will be forthcoming 
as a Ph.D. dissertation. 
The work reported herein deals with the model and the meth-
odology used to solve the transient problem describing the flow 
system resulting from moisture applied at the surface by an infil-
trometer. 
Future transient solution capabilities ideally will describe the 
flow system of an entire watershed profile with sources of moisture, 
evapotranspiration and deep percolation, all included in the partial 
differential equation formulation. 
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INTRODUCTION 
Infiltration of rainfall (or other water) into soil profiles is im-
portant in such fields of study as watershed management, overland 
flow prediction, sediment generation, groundwater recharge, both 
natural and artificial, and irrigation to name but a few. With in-
creased interest in water resources better analysis and predictive 
methods for infiltration and the resulting groundwater movement 
characteristics are needed. 
According to some usage, infiltration is defined in the restrictive 
sense to include only the entry of water at the soil surface. The 
broader definition of infiltration is used in this report to denote the 
process of entry into the soil of water made available at the ground 
surface, together with the associated moisture movement within the 
soil resulting from this water. Using this broader definition, the study 
of infiltration requires that the entire flow system resulting from 
water at a surface be considered in the analysis. 
Various studies during the past couple of decades have gradually 
demonstrated that infiltration characteristics are the result of fun-
dame ntal hydraulic properties of soil in relation to water movement. 
These studies have demonstrated that by defining such soil properties 
adequately and describing their effect on the flow system by means 
of partial differential equations, solutions can be obtained which 
show close agreement with laboratory and field observation. Where 
discrepancies do occur they can often be traced to assumptions 
which were made during the formulation of the problem to either 
decrease the complexity of the differential equations to make them 
more ame nable to available solution methods or to an inadequate 
description of the fundamental orocesses which are taking place. 
Solutions to weel formulated boundary and initial value problems per-
mi t various componen ts. and fea tures of the flow system, to be 
isolated and studied. thus providing knowledge and insight into ex-
tremely complex and otherwise undecipherable cause-effect relation-
ships. The success in formulating problems of unsteady, unsaturated 
flows through soils in terms of basic principles of soil and fluid 
behavior is attested by the vast literature which has come into being 
during the past few years. 
The basic partial differential equations resulting from the for-
mulation of partially saturated flow are nonlinear. Consequently, the 
vast majority of available solutions have been obtained under the 
one-dimensional flow assumption, and the more general boundary 
conditions and initial conditions have required that the investigators 
obtain the solutions by numerical methods. Freeze (1969) sum-
marizes in tabular form the various aspects of problems of one-
dimensional unsaturated, unsteady. moisture movement in soils 
studied by a number of researchers and categorizes the contributions 
of these various investigations. The earlier contributions (Klute, 
1952; Day and Luthin, 1956; Young, 1957; Philip. 1957; Hanks and 
Bowers. 1962; Rubin and Steinhardt. 1963; to list but a few) con-
sidered drainage (or wetting cases) in which the reduction in hy-
draulic conductivity is a single-valued function of decreasing capillary 
tension (or moisture content). More recent numerical solutions 
(Whisler and Klute, 1966; Rubin, 1967; Ibrabin and Brutsaert, 1968; 
Whisler and Watson, 1969) have considered the hysteresis (Le. the 
different relationships) between the wetting and drainage cycles of 
partially saturated groundwater movement. Other solutions by ana-
lytic methods are available. (See Philip, 1966; Philip, 1968a; Philip, 
1968b; Wooding, 1968.) 
The problem which has been studied herein is the three-
dimensional axisymmetric unsteady unsatur.ated flow resulting from 
moisture applied at the surface. As such, only the wetting cycle 
occurs. [n theory, however. the method of solution is capable of 
incorporating the same methods used by these later investigators in 
handling dual or more saturation-pressure relationships. The present 
computer program will also only handle problems for which the soil 
is isotropic and homogeneous (Le. the saturated permeability is 
constant). By transforming the radial coordinate and specifying the 
dimensions of the transformed section, however, solutions to prob-
lems with anisotropic soil can be obtained. In obtaining solutions to 
anisotropic problems one should be cautioned that some evidence 
indicates that anisotropy causes departures of relative permeabilities 
from that given by theory developed from the isotropic case (Corey 
and Rathjens, 1956). By utilizing additional core storage in the com-
puter for describing variations in saturated permeability the solution 
capability may also be extended, at least in principle, to non-
homogeneous soils. 
DIFFERENTIAL EQUATIONS FOR DESCRIBING 
WATER MOVEMENT IN 'SOILS 
A continuous saturated-partially saturated region of moisture 
movement in soil implies the existence of a continuous scalar func-
tion. The definition of this scalar function must be valid for both 
saturated as well as partially saturated zones. Such a quantity in 
common use is the hydraulic or total fluid head h defined as the sum 
?f the elevation hea.d. z and the pressure head Ph = pi p g (in which p 
IS the pressure-posItIve for saturated zones and negative for partially 
saturated zones, g is the acceleration of gravity, and p is the fluid 
density) as given by 
h = Z + Ph ............ (1) 
Darcy'S "law for seepage flow in the radial and axial directions is 
given by 
v - K (r, z, p) ~~ ......... (2) 
and 
dh 
w = -K(r,z,p)dZ' ......... (3) 
in which v, and ware the seepage velocities in the radial, r, and axial, 
z, coordinate directions respectively, K(r,z,p) is the hydraulic con-
ductivity of the soil with dimension of velocity and is related to the 
permeability k with dimensions of length squared by K = 
kpg/f.L (f.L is the absolute viscosity of the fluid). The variation of 
the hydraulic conductivity with the space coordinates describes the 
heterogeneity of the soil. For homogeneous soil no such variations 
exist. The variation of K with negative pressure accounts for the fact 
that the ability of soil to transmit flux decreases with decreasing 
saturation (or decreasing pressures below zero). No variation of K 
with p occurs for p greater than zero. 
The continuity equation in cylindrical coordinates, simplified 
by permitting no flux movement in the transverse direction, is 
dS 
- T']~' ........ (4) 
in which T'] is the porosity of the soil defined as the volume of soil 
voids to the total volume, S is the degree of saturation defined as the 
volume of water to the volume of voids. 
Substituting Darcy's law into Eq. 4 under the assumption that 
the soil is homogeneous gives 
K l'd
2
h + d
2
h 1 + ~ [ dPh (dh)2 dPh (~hz)2l +.!S.r dh 
d r 2 d Z 2 d Ph d h d r + ~ 0 d r 
dS dPh dh T']dP
h 
~ ~ .............. (5) 
From Eq. I dPh /d h = I. 
The partial differential equation for the simpler plane transient 
flow case with the Cartesian coordinates x and y as independent 
variables is 
K [:) + ::~ ] + ::h [ (~~t + (~~r] 
. . . . . . . . . . . . . . (6) 
The manner in which Sand K vary as a function of pressure 
head must be known before a solution to Eq. 5 or Eq. 6 can be 
obtained. 
Relationship of saturation and permeability to capillary pressure 
Considerable research has been devoted to defining relationships 
between important variables in a partially saturated soil-water-air 
flow system. (Burdine, 1953; Corey and Rathjens, 1956; Gardner, 
1951 and 1958; Brooks and Corey, 1964; King, 1965; Brooks and 
Corey, 1966; Laliberte and Corey, 1967; Laliberte, Brooks, and 
Corey, 1967;White, 1968.) Brutsaert (1967) makes a survey of the 
more pertinent literature in defining these relationships. These 
studies have established relationships among the following three 
important variables: (I) moisture saturation, (2) permeability or 
hydraulic conductivity, and (3) capillary pressure. 
If air and water are the nonwetting and wetting fluids respec-
tively, then experimental data for effective saturation and negative 
capillary pressure plots close to a straight line on log-log graph paper 
for capillary pressures less in magnitude (Le. greater negative magni-
tude) than the bubbling pressure Pb (also a negative quantity). For 
capillary pressures (including positive pressure) greater than the 
bubbling pressure the saturation is nearly 100 percent. An equation 
for this relationship is 
S 
e 
for p < p ....... (7) 
b (~t + A 
and 
S e = 1 for p::: Pb 
in which S e = (S - S r )/(1 - Sr ) is the effective saturation, A and A 
are parameters. The residual saturation S r (as described by Lali-
berte, Brooks and Corey, 1968) is determined by achieving as good a 
fit of Eq. 7 as possible. The exponent A depends upon the porous 
media used and the liquid and capillary history of the system. The 
parameter A is equal to zero in Brooks and Corey's relationships 
(1964 and 1966) but not equal to zero in Brutsaet's (1966,1968) 
approxima tions. Generally, a non zero value of A gives a better fit to 
experimental data than if A = O. 
Most of this work has dealt with desaturation (or the drainage 
cycle). However, there are reasons to believe that the same general 
relationships apply for imbibition. (See King, 1965, and Keller, 
1967.) 
The work by White (1968) divides the saturation-capillary 
pressure relationship into three separate zones. These zones and the 
equations which White uses to define the relationships are: 
1. The residual desaturation zone 
.J f; 
s-s 
___ r 
I - S 
r 
(P: f ......... (8) 
2 
2. The secondary transition zone 
S 
in which S t is the saturation at the end of the transition zone, Sf is 
the wetting phase saturation at first permeability to the nonwetting 
phase, (J is the surface tension of the liquid-air interface, R = (J /p is 
the characteristic length variable representing the pore diameter dis-
tribution, s represents the standard deviation of the length variable 
R, and p t is the capillary pressure associated with Stat the end of 
the transition zone. 
3. The primary transition zone 
S = SE + C2 ( 1 - exp [ - C 1 ( ~ - 1 1] ) . . . ( 10) 
in which S E is the saturation at entry pressure p E and C I and 
C 2 are constants for the particular soil in question. 
The saturation-capillary pressure relationships just described can 
be used to provide relationships between capillary pressure and the 
permeability through the modified Burdine methods (1953). The 
approximations involved in the Burdine integrals are carefully re-
viewed by Brooks and Corey (1964 and 1966) and also Laliberte, 
Brooks and Corey ( 1969). 
According to this theory the permeability relative to its satu-
rated value is given by 
fS dS 
S 2 "'S p2 k r . ( II ) 
r e S1 dS 
S p2 
r 
The necessary Burdine integration has been carried out for Eq. 
8 (or Eq. 7 with A = 0) by Brooks and Corey (1964) with the results 
k 
r 
k 
k 
o 
k 
o 
(P:f ....... (12) 
11 (1 - S ) (J 2A 
___ r__ . . . . . . . . . . (13) 
5(2 + A) 
in which k r is the relative intrinsic permeability, k is the intrinsic 
permeability with dimensions of length squared and is related to the 
hydraulic conductivity with dimensions of velocity as given earlier by 
k = (f.l / P g)K, k 0 is the saturated intrinsic permeability, 11 is the 
porosity, and (J is the surface tension of the fluid. It should be 
noted that if the bubbling pressure P b is divided by the specific 
weight of the fluid to convert it to units of head, then the pressure 
head p h can be used. In the applications involving these equations 
both the bubbling pressure and pressure in the soil are actually used 
in terms of head with units of length. 
The Brooks-Corey equation (Eq. 12) is a simple definition of 
the variation of permeability with capillary pressure, and experi-
mental data from many soils show good agreement with the equa-
tions for values of the capillary pressure somewhat less than the 
bubbling pressure (larger than p b in absolute value). The Brooks-
Corey Eq. 12 will be used in the derivations which follow immediate-
ly, for applications in which the soil remains partially saturated (i.e. 
the degree of saturation does not approach unity anywhere through-
out the region of moisture movement). 
As the negative soil pressure approaches the bubbling pressure, 
experimental data show greater deviation from the curve defined by 
Eq. 12. To achieve better agreement with experimental data in this 
pressure range, King (1965) proposed the following dimensionless 
form of a modification of Gardner's equation (1958) plus another 
equation. 
k 
r 
1.0 
(~r +b ........... (14) 
Only a modest increase in the number of arithmetic computa-
tions are needed to implement Eq. 14 over those required to 
implement Eq. 12 in a computer solution for a steady state problem. 
However, in the transient case, the implementation of Eq. 14 is not 
as straightforward because it does not result from the Burdine 
theory. Consequently questions occur regarding the selection of an 
appropriate relationship for capillary pressure and saturation in its 
use. 
Because of the latter difficulty as well as the indications that 
two transition relations may well be needed to define the permea-
bility (or saturation) pressure relationships as indicated by White's 
work (1968) it was decided that Eq. 12 would be implemented in the 
computer program designed for the problems described later in 
which all of the region is partially saturated. For problems with 
regions in which the degree of saturation approaches unity, as would 
be the case for application rates equal to the maximum intake capac-
ity of the soil, another computer program has been developed which 
uses a "table look-up" technique to determine the saturation-
pressure and permeability-pressure relationships. Data for saturation 
and pressure for a given soil must be supplied to this program. The 
method or sollltion utilized in the table look-up program will be 
described after the description for the solution method which utilizes 
Eq. 12 is discussed. Suffice it to mention here that it seemed ad-
visable to use the table look-up technique rather than the relation-
ships given by White (or other more complex equations) for prob-
lems involving zones of saturation for the following reasons: 
1. The relationships given by White for the two transition 
zones are relatively complex and involve a number of para-
meters whose evaluation requires more than a simple 
analysis. 
2. The relationships for permeability versus pressure obtained 
by the modified Burdine methods are considerably more 
complex than the saturation-pressure relationships in the 
transition zones, and consequently would require a con-
siderably larger amount of computer execution time than 
the table look-up techniques. (The permeability-pressure 
relationships using White's equations and the Burdine 
integral method have been obtained by Nelson and 
Jeppson, 1968.) 
3. The table look-up techniques permit the saturation-
pressure relationship of any soil to be implemented re-
gardless of how well an equation or equations might define 
the relationship. It has not been demonstrated that the 
equation given by White defines the saturation-pressure 
relation well for all soils. The basic assumption made in the 
table look-up technique is that the Burdine theory is 
applicable. 
Form of equations solved 
Upon differentiating Eqs. 7 (with A = 0, i.e. Eq. 8) and 12 with 
respect to the pressure head and substituting the results into Eq. 6 
and dividing through by K gives 
3 
in which S = - a./h-z, T= K" t (the saturated hydraulic con-
ductivity multiplied by the time) and 
r 2+2A. 
(h - z) (P:) 
Eq. 15 is the basic equation for those solutions given later which are 
based on the Brooks-Corey equations. 
For use in the table look-up method of solution, the differential 
equation is written most conveniently as 
l oS Oh .............. (16) 
Kr oPh OT 
in which the derivatives oK r /0 Ph and oS/o Ph are supplied as 
needed from table entries. 
Equations 15 and 16 are of the parabolic type provided that the 
right hand side does not vanish. The right hand side will vanish in 
regions of the flow which are saturated, i.e. the pressure equals or 
exceeds the bubbling pressure. For such regions the equations be-
come elliptic and it is necessary to simultaneously satisfy the entire 
system of finite difference equations (generally accomplished by an 
iterative solution). Rubin (.1968) has done. this for the ditch draining 
problem which he solved by numerical methods similar to those 
described below. In the problem for infiltration into an initially un-
saturated soil profile, the equation will remain parabolic at all times, 
since the only place saturation can occur is the very top surface over 
which the moisture is being applied. 
ALTERNA TING DIRECTION IMPLICIT METHOD 
The numerical solution of parabolic partial differential equa-
tions can be accomplished by several methods, Douglas (1961) and 
Varga (1962). A method for two-dimensional equations, such as Eq. 
15 which has some of the stability advantages of implicit methods 
such as the Crank-Nicholson method over explicit methods, is the 
alternating direction implicit method (abbreviated ADI) described by 
Douglas (1962) and is a modification of the method used bv Peace-
man and Rachford (1955) and used by Douglas and Rachford 
(1956). The alternating direction implicit method, as other differ-
ence methods, approximates the partial differential equation of the 
problem and its boundary conditions by equivalent differences to 
give a finite difference operator. Its unique feature is that finite 
difference operators are applied twice for each time step. The dif-
ference equation for Eq. 15 for the first half-time step results by 
advancing in time second differences with respect to r only as shown 
by the following equation 
r 
in which l:..s = l:..r = 6z equals the spacing of the finite difference 
network, the superscripts denote the time increment, i.e. n = I 
+ T/l:..T and the subscripts i andj denote the space increments with 
i increasing with r according to i = 1 + r/ l:..r and j increasing with z 
according to j = I + z/ l:.. z, and as defined previously 
and 
r 2+2A (h - z) (Pb/ P ) 
~ = a h-z 
The 5 's d~note first central difference operators and the 52 ,s dL'Jlok 
second central difference operators, i.e. 
5 h = h'+1 . - h. 1 ., 5 h = h. '+1 - hoO l' r 1 ,J 1- ,J z lJ 1J-
5 2 h = h + h . - 2hoO 
r i+l,j i-I,J 1J 
and 
2 h - 2h 5 = h .. 1 + .. 1 ., 
z 1J+ lJ - 1J 
The second half-time step advances the second difference with 
respect to z a fulJ-time step as the difference with respect to T is 
advanced an additional half-time step as given by the equation 
r 
Subtracting Eq. 18 from Eq. 17 results in 
h n +1 + h~. 
ij lJ 
When this equation is used in either Eq. 17 or Eq. 18, the resulting 
equation is that for the total time step, 
r 
hn+1_hn 
ij ij 
6T 
~ 52 62 (hn+1 _ hn) ........ (20) 
4rl:..s4 r z 
The last term in Eq. 20 is of the order (l:.. T / r) 2 after multiplying 
by this quantity and can be ignored generally. 
4 
An alternative is that described by Douglas which gives simpler 
equations to solve but gives the same final Eq. 20. Define h* by 
h':'. - h~. ~ ~ n2 n2 1 2 ':' n r l:.. T = --2 [(6 h) + (6 h) ] +-- 6 (h + h ) 
4l:.. s r z 268 2 r 
+ _1_ 6 2 hn + _1_ 6 hn 
l:..s2 z 2rl:..s r 
. . . . . . . (21) 
and let h i tl be defined by 
Subtracting Eq. 22 from Eq. 21 gives 
h':' 
ij 
Replacing It. in either Eq. 21 or Eg. 22 by tile right h'.lIld side 
of Eg. 23 results'ih Eg. 20, so that the two methods arc equivalent 
for the total time step. 
Let 
y - ~ 
':> - l:..T 
then Egs. 21 and 23 can be put in the form 
+ l:..s 6 hn ................... (24a) 
r r 
and 
;') 2 hn .... (25a) 
"7. 
respectively. 
Upon writing out the central differences Eqs. 24a and 25a be-
come respectively 
-h~:' I' +2(s+ l)h~:'. -h~:'+l' h~+1 .+h~ 1 . 1- ,J lJ 1,J 1 ,J 1- ,J 
+ 2(h~'+1 + h~. 1) + (zs - 6) h~. + ~2 [(h'+l .- h. I .)2 lJ lJ - lJ 1 ,J 1- ,J 
and 
h n + 1 + Z (s + 1 ) h ~.+ I - h ~.+ I 
- ij+l IJ-l IJ-l Z(Y h'.:<. n) h
n hn 
'=> +h .. - .. 1- ., 1 IJ lJ lJ+ lJ-
(25b) 
When Eqs. 24 and 25 arc written in matrix notation rather than 
finite difference notation, they both require the inversion of a tri-
diagonal matrix for solution of h * and h n+l respectively when 
applied across r = constant and z = constant grid lines respectively. 
This simple resulting matrix is a very important feature of the 
method, from a computation viewpoint since a tridiagonal matrix 
can be inverted by a single pass through the rows of the matrix by a 
Gaussian elimination. In fact it is not necessary to find the inverse 
matrix, as shown by the following algorithm. 
Let Eq. 24 or 25 be written in the form 
AX B ............. (26) 
in which X and If are (N x I) vectors, and A is the (N x N) matrix 
given by 
a 1 -1 0 
-1 a Z -1 
0 -1 a 3 
-1 
A 
o -1 
Define the components of the vectors f and g by 
f 1 a
1 
fk Z :;; k :;; N a
k 
- fk _1 
, 
gl f 1 Bl 
gk fk [Bk + gk-1] , 2 :;; k :s 
Then the solution vector X can be obtained from 
N, 
0 
0 
a 
n 
(27a) 
.... (27b) 
Actually in implementing this algorithm on a computer it is not 
necessary to set aside storage for a new array f. Rather since the 
values of the a's are used but once in the computatio'n, the values of f 
might be stored in the former array positions of a. 
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MATHEMATICAL MODEL FOR INFILTRATION 
OVER A CIRCULAR AREA 
The mathematical problem which has been used to describe the 
axisymme tric flow system resulting from infiltration of water over a 
circular surface into soil is sketched in Fig. I. Because of axial 
symme try, the solution can be obtained by considering the flow 
system in one-half of any plane containing the centerline. Con-
sequently, Fig. I shows only such a half plane. The partial differ-
ential equation (Eq. 15 or Eq. 16) for which a solution is sought is 
shown enclosed in the rectangle within the region of flow. The 
partial differential equation is of the parabolic type with two space 
coordinates and consequently for a well posed problem boundary 
conditions are needed for each boundary of the flow region as well as 
the initial condition which specifies what the distribution of the 
hydraulic head h is throughout the region prior to the initiation of 
the infiltration process. This initial distribution is denoted hereafter 
by h o . 
Initial and boundary conditions 
The results from the solution after any time step could be con-
sidered the initial condition for continuing the solution for ad-
ditional time steps. Thus it is possible to interrupt the solution after 
any time step, store the results on tape, or elsewhere, and continue 
the solution at a later time using the stored data as the initial condi-
tion for the continued computation. 
To begin a solution under the assumption that no moisture 
movement was occurring through the soil prior to the application of 
water from the infiltrometer would require an initial condition with 
the hydraulic head equaling a constant throughout the flow field. 
This constant initial condition for h has been used to begin the 
solutions given later in this report. The constant head condition 
requires that the capillary pressure in the soil increases (becomes less 
in absolute magnitude) with depth below the surface. The initial 
water content per unit of soil or saturation is consequently smallest 
at the surface. 
The boundary conditions for the problem are given in Fig. 1 by 
an equation by each boundary of the flow region. The condition 
2l h/21 r = 0, which applies along the axis of symmetry denoted 
by Q) to Q) on Fig. I, mathematically expresses the fact that at a 
vertical axis of symmetry the constant total head lines must be hori-
zontal. Two conditions are given in Fig. 1 for the boundary Q) to 
a> over which water is applied. The first condition, namely a 
specified inflow rate Q, applies if the rate of water application is less 
than the intake capacity of the soil at all times. Consequently if this 
condition is used, no portion of the flow region will be fully satu-
rated. For solutions with the specified application rate condition. the 
Brooks-Corey relationships have been used, in evaluating (J KIa Phi 
and a sf] Ph which are needed in the solution as explafued later. 
The specified rate of flux application Q may vary with time. 
The second condition given for boundary Q) to Q) namely 
that the capillary pressure is zero, or that the surface is completely 
saturated assumes that the rate of water application always equals 
the intake capacity of the soil. This rate of intake will vary with 
time. This latter boundary condition has been used with the table 
look-up technique. Because the use of table look-up requires quite 
different computer program logic than the use of the Brooks-Corey 
relationships, two separate programs have been written to solve the 
two different axisymmetric problems. An additional program which 
was actually written first solves two-dimensional problems for which 
water is applied over a strip. The discussion which follows im-
mediately describes the boundary conditions for the problem of 
constant infiltration rate less than the intake capacity of the soil. 
Thereafter a section is devoted to describe the differences in the 
solution method and boundary conditions used in the table look-up 
technique which assumes a variable application rate equal to the 
intake capacity of the soil. 
Q (specified) 
or 
z j ~ = O,(h = D) 
@1 
Q dh 
, ~ l ~ ~ ~! J 1<» ~ = 0 (1) 
R ~ Soil surface 
-I 
I d2h + d2h + dK OPh [ [dh t + [dh n + !>. dh I 
I 
dr2 dz2 d~ d h dr dz r dr 
I 
as QP:h ah 
~~ II aPhdh ~ D I H 0 
dh = 01 ~ ..c Or Q) 
u 
..c I 
I 
I 
CD 
impervious layer 
r 
dh _ ° 
az - ® 
Figure 1. Formulation of the initial-boundary value problem for the 
transient flow of water from a circular inf"tltrometer. 
Application rate less than the intake capacity 
The condition along the boundary 0) to ® assumes that no 
evapotranspiration occurs from the surface of the soil. By changing 
this condition to one similar to the first conditions given from point 
~ to @, evapotranspiration could be accommodated in the 
formulation. 
The assumption has been made in obtaining the condition along 
the cylindrical boundary ® to (5) that it is far enough removed 
from the source of water that no flow occurs in its vicinity. The 
condition for this boundary is therefore h = h
o
. 
The boundary CD to (5) is assumed to represent an impervious 
layer which prohibits any vertical flow through it. The velocity 
component in the axial direction is therefore zero on this boundary 
leading to the condition ah/a z = O. 
Each of the boundary condition equations (with the exception 
of @ to (5) ) must be expressed in terms of a finite difference 
operator. Since the values of h do not change along the boundary ® 
to 0 no operator is needed for this boundary. The finite differ-
ence operators from the qoundary conditions are combined with the 
operators Eqs. 24 and 25 for the interior grid points to give the total 
system of equations to be solved at each time step. In the case of the 
first portion of the time step (Le. the evaluation of h*), the bound-
ary condition operator for boundary CD to Q) gives the first 
coefficients for each tridiagonal matrix obtained by applying the 
operator across each horizontal grid line and the grid point just 
before the boundary @ to ~ supplies the final coefficients. This 
order in the first difference equations results because the operator 
for the first portion of the time step involves aU the h "j j with i = 
I ,2, ... N y forming the system of equations along the horizontal grid 
6 
lines defined by holding j constant. Along the boundary G) t6' ® , Q) to@) and <D to @) the operator from the boundary 
conditions will establish the values for the solution of the entire 
system of equations resulting from these lines for the first portion of 
the time step. For the second portion of the time step the boundary 
condition operators for these latter boundaries give the first and last 
equations of each system of equations which result from the mesh 
points on the vertical grid lines for h nn with j = I ,2, ... N y. The j 
index begins with the value of I at the top surface and ends with a 
value of Ny at the mesh point on the impervious boundary 
CD to ~. Consequently j increases with depth below the surface 
as given by j = I + (D-y)/ y (D is the depth of the soil). This reverse 
ordering of j has been used so that the programming logic is simpler 
and permits the number of grid lines over which the computations 
occur at each time step to be expanded as necessary to remain just 
ahead of the wetting front. 
Operators for boundary (j) to Gb. Approximating the condi-
tion ah/a r = 0 which applies to boundary CD to ~ by a second 
order central difference leads to h nO,j = h n2j , h *0, j = h*2, j and 
h n;,l j = h~~~ which can be substituted into Eqs. 24b and 25b to give 
difference operators. In the program the actual procedure has been 
to set h n 2, t h n l , j and h· 2, j = h "I, j in Eq. 24b to give the operator 
for the first portion of the time step and apply this operator to the 
vertical grid line j = 2. The operator resulting from this procedure is 
n n n 
h3 .+2(h2 ·+I+ h 2 ·-1) ,J ,J ,J 
6s 
+ - (h3 . - hI .) 
r ,J ,J 
...... (28) 
After solving, in consecutive order, the system of finite differ-
ence equations for each horizontal grid line, h' I, j is set equal to 
h' 2,j. Using this technique the operator for the second portion of the 
time step is applied first across the vertical grid line i = 2, with the 
values of h ~~l equated to h~~l. This somewhat simplified approach 
for handlin~ boundary CD to a> is justified since only the small 
area 1T(b.r) is involved within the region of the first mesh point 
from the vertical axis. 
o erators for boundary ® to @ and (J) to @. The 
boundary conditions along to 4 namely d h0z = 0, gives, 
h'L2 = h"l.o. h·i.o = h·i,2' and hi~~1 = h~~21 when approximated by 
second order central difference. The values at the nonexistent grid 
point (i, 0) can be eliminated by substituting these equations into 
Eqs. 24b and 25b. The operator resulting from this procedure for the 
first portion of a time step is 
-h'.)'·_l +(ZI;,+Z)h':< -h':' = h~)+1 +hn +4hn 
,I i,l i+I,I 1 i-l,l i,Z 
+(ZS-6)hn +~(hn _hn )Z+~s (hn n 
i,I Z i+I,I i-I,I r i+l.l- h i-I,3) 
. . . . . . . . . . . . . (29) 
and the operator for the second portion of a time step is 
n .'- n 
h. 1 + I;, h:" 1 - h. Z 
I, 1, I, 
.... (30) 
The operators for the boundary CD to ~ are the same as Eqs. 
29 and 30 in which the subscript I is replaced by N y and 2 by 
N - I. y 
Operators for boundary ® to ®. Specifying an application 
rate Q leads to the condition that the vertical (Le. axial) component 
of velocity is constant over the boundary into which the water infil-
trates, thus giving the boundary condition equation w = - K d hid z 
in which w is constant and negative in magnitude being in the down-
ward direction. [n the equations that follow, the negative sign has 
been included and w refers only to the magnitude of the axial seep-
age velocity. Differencing the above boundary condition equation 
leads to hi. 0 = h i. 2 - 2&w/K. This last equation applies for an n, *, 
or n+ I superscript on h. Substituting this last equation into Eq. 24b 
to eliminate the values h i 0 leads to the following operator for the 
first portion of each time step. 
-h::' +Z(I;,+l)h':' -h::' = h?l+l,l +h?I_1,1 +4h?I,Z 1-1,1 1,1 1+1,1 
+Z~s KWK [z +Sb.s K ~ 1 + (Zs - 6)h~ 1 
orO r ' 
S n n Z ~ s n n). . . (31) 
+ 2" (h i+l,1-h i _11 ) +~(hi+l,l-hi_l,l 
in which K 0 is the saturated hydraulic conductivity and w/K 0 is 
the specified rate of application of water. 
When the same equation is substituted into Eq. 25b to obtain 
the operator for the second portion of the time step, the term 
2 b.sw/K appears on both sides of the equation and the result is 
identical to Eq. 30. Consequently Eq. 30 applies across the entire 
surface from (2) to Q) and Q) to @. 
The boundary condition operators, for the first portion of a 
time step, at points CD and .(]) (because of the method used for 
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boundary CD to (6) the actual points of application are displaced 
inward one mesh point from the axis of symmetry) must reflect the 
dual condition from the two equations which apply. The operator 
for point CD is 
+(h~.:: -h~,::) [S(]\.::, -:--'2.:: )-,-~S) 
., 1 T Y 
. (32) 
and the operator for point (1) i~ 
(21;, -'-I)h'2''- I- h '3" 1 = h3n 1 
, , , 
"hn 'Z" W 
,±, Z,2- uS KK 
o r 
[S(hn _hn )+ ~S) ............. (33) 
3,1 2,1 r 
Maximum intake rate-solution 
utilizing a table look-up technique 
The Brooks-Corey equations which were used in the preceding 
section to describe the effective saturation- and permeability-pressure 
relationships deviate from actual occurrences more as the saturation 
approaches unity. The deviation of the theory from experimental 
data is small for some soils which have been examined by a number 
of investigators, whereas for other soils the deviation is considerable 
with such deviation beginning at 50 percent saturation and increasing 
with increasing saturation. The tIrst quick glance impression of the 
. deviation between theory and data can be deceptive on graphs of S 
versus p which utilize a logarithmic ordinate and a logarithmic ab-
scissa for plotting, because the above 50 percent saturation range is 
confined to a small portion of the total abscissa. With this lack of 
agreement between theory and experimental data, combined with 
reasons given earlier, it was decided that the actual saturation-
pressure data should be utilized for situations in which the soil at the 
surface approaches saturation to obtain the derivatives 
d S/ ,Ph' dKr/d p and Kr which are needed in the solution of the 
partial differential equation. 
A technique utilizing table look-up to define S versus p and K 
versus p relationships implemented by a separate computer program. 
has been used to solve the problems in which the application rate 
equals the intake capacity of the soil. This program requires that 
sufficient input data be supplied to define adequately the saturation-
capillary pressure relationship as well as its derivative 2l S/2l p over 
the entire pressure range which will be encountered during the solu-
tion to a given problem. The requirement that the derivative is also 
adequately defined implies that if the experimental data exhibit 
much scatter, then it will be necessary to smooth the data by some 
process prior to supplying it to the program. Furthermore. a second 
degree polynomial is passed through each three consecutive data 
points which are supplied, so it is necessary that the data be for 
relatively small increments particularly in the region of complete 
saturation for which a parabolic curve does not closely approximate 
the actual relationship over large differences in saturation. 
Utilization of saturation-pressure data. The table look-up tech-
nique solves the partial differential equation in the form of Eq. 16. 
That is values for Kr , d Kr /d p and d Sid p must be obtained from 
the saturation-pressure data supplied as input to the program. The 
modified Burdine (1953) theory, which was referred to earlier and is 
given by Eq. 11 has been used to evaluate the relative hydraulic 
conductivity from the saturation-pressure data. To evaluate numeri-
cally the integrals given in Eq. II, a second degree polynomial has 
been passed through each three consecutive data points supplied as 
input advancing one point at a time, as needed to generate new data 
for 50 equal increments of pressure over the range of capillary pres-
sure of the input data. Lagrange's interpolation formula has been 
used for this interpolation and gives the following parabolic equation 
over each of these increments. 
........ (34) 
in which Al =C I +C2,A 2 =C I (SI +S2)+C2 (SO+S2)+C 3 (So + 
SI) and A3 =C I SI S2 +C2 So S2 +C 3 So S1" The subscripts of the 
S's denote the values at the three consecutive data points; So is the 
first at the largest (smallest in absolute magnitude) value of pressure, 
SI is the second and S 2 is the third data point and the C's are de-
fined in tum by 
Pz 
in which Po, PI' and P2 are the values for pressures at the three 
consecutive data points corresponding to the saturation values So, 
S l' and S2 respectively. Values for S, d Sid p, K rand d Kr /d p 
are computed which correspond to each of the 50 values of pressure 
at equal increments within the range of input pressure data. These 
values for S are obtained by solving Eq. 34 with the quadratic 
formula giving 
S 
(Note that the negative sign is used preceding the square root.) 
Values for the partial derivative of S with respect to p are obtained 
by differentiating Eq. 34 giving 
dS 
dp 
......... (36) 
Values for K r corresponding to each of the 50 equally in-
cremented pressures are obtained by evaluating the Burdine integral 
over each of the 49 increments of pressure. Substituting from Eq. 34 
for the pressure gives the equation shown below 
Sz S 
~ dS ~ Z dS _ [Z Al S - AZ Z r Z t- 8p 1 P v SI LAI S - A Z S + A3 
+ 
4Al 
-1 2 Al S-Af2 
......... (37) 
3/Z tan liZ q q SI 
in which q = 4A 1 A3 -A 22 and S 1 and S 2 are the values of satura-
tion at the beginning and end of increment. S 1 is larger in value than 
S2· 
After carrying out this integration for each of the 49 in-
crements, it is necessary to evaluate the remaining increment of the 
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integral from the smallest value of saturation given in the input data 
to the saturation equal to the residual saturation Sr. This in-
cremental integration is accomplished by assuming that the 
saturation-pressure relation over this range of saturation plots as a 
straight line on log-log paper. Consequently, the Brooks-Corey 
theory is valid giving 
dS 
Z 
P 
(S _ S )Z/A.+l 
s r 
Z+A. 
. . . (38) 
in which Ss is the smallest value of saturation given in the input 
data, p b is the bubbling pressure, and A. is the exponent as defined 
in Eq. 7. Since the smallest value of saturation given as input data 
generally lies within White's "Residual Zone" in which the relation 
used in Eq. 38 describes his data as well as data from many other 
investigators, well, this final increment of the integral can be justifi-
ably evaluated by Eq. 38. 
The integrals accumulated at each integration step are stored 
temporarily in the computer's core memory. The final accumulated 
integral which is obtained by adding the value from Eq. 38 to the 
previously accumulated integrals from Eq. 37 equals the value of the 
integral in the denominator of Eq. II. Let this accumulated amount 
be denoted by T, that is 
T dS 2 p 
.......... (39) 
and the temporarily stored values of the accumulated integral be 
denoted by t(l) in which I = 1,2 ... ,50 such that t( I) corresponds to 
the largest values of the input saturation and pressure data, and t(50) 
corresponds to the smallest of these values. Values for K r corres-
ponding to the 50 equal increments of pressure are subsequently 
obtained by 
K(I) 
r r
S(I)-SJ
Z 
___ r t (51 _ I)/T ..... (40) 
L 1 - Sr 
Values for the partial derivative of the relative permeability 
with respect to the pressure are obtained by noting that 
dK 
r 
dp 
.... (41) 
in which Seas defined previously is the effective saturation, i.e. 
Se = (S-Sr)/(1-Sr) and dSe/dS = 1/(1-Sr). Values for dS/dp have 
already been obtained from Eq. 36. Values for the derivative 
dK r /dS e are given by 
dK 
dS r (I) 
e 
l 
T 
1 - S 
SZ(I) __ r + ZSe(I)t(51-I) ... (42) 
e p2 (I) 
The stored values from Eqs. 36, 40, and 42 permit values for 
(1 /K r )(e K r /e P h) and (1 /K r )(d Sid Ph) to be computed for each of 
the 50 equal increments of capillary pressure referred to earlier. 
These latter values are permanently stored for later use as needed in 
Eq. 16 in obtaining the solution. 
Before descrihing in further detail the methods employed in 
obtaining the finite dilTerenee solutions for the case in which the 
application rale equals the intake capacity of the soil, it seems 
appropriate to explain why in computing the SO values for 
K" (JK,/r)p and ,)S/r)p,p was considered a function of S as given 
by Eq. 34 instead of the more natural alternative of considering S as 
a function of p. Actually this latter alternative was first implemented 
in the computer program. Because of the difficulty in carrying out 
the integrations in Eq. II with limits in terms of S, using this 
alternative, the integrals were evaluated from the trapezoidal rule. 
The trapezoidal rule integration gave poor precision, particularly for 
input data containing values of pressure close to zero. As a result the 
alternate described above, in which p is assumed a function of S, was 
subsequently implemented in the computer program. The accuracy 
in using the present approach has been examined by computing 
values for Sand p using the Brooks-Corey Eq. 8, and comparing the 
values for K" "0S/2l p, and ~K, /2J p obtained from these data from 
the table look-up technique described above with the values obtained 
from Eq. 12 and the derivative of Eqs. 8 and 12. The comparison 
showed no appreciable difference in the values for K" and 
agreement to approximately three digits in the values for d S/?J p 
and j K, /'5 p. These latter values are permanently stored for later 
use as needed in Eq. 16 in obtaining the solution. 
A Iterations (rom former numerical procedure. The solution 
procedure utilized in the table look-up technique is identical to that 
previously discussed under the section "Alternating Direction 
Implicit Method" with the following exceptions. First, in the 
operators Eqs. 24 and 25, as well as the boundary condition 
operators, values for parameters Sand S which are given by 
dK 
S = 2'~ .......... (43) 
r Ph 
and 
2 
1"] (6. s) dS ......... (44) 
6.t Kr d Ph 
arc obtained by selecting from the SO possible table entries the values 
for (I/K, )(a KJJ Ph) and (I/K, )(d S/dPh) whose corresponding 
pressure is nearest the pressure at that grid point. The value of 
pressure head at any grid point is computed from 
h~. - z' . . . . . , . . . . (45) 
lJ 
for the first portion of each time step at each grid point and 
h':'<. - z' . . . . . . . . .. (46) 
lJ 
for the second portion of each time step. 
A second difference between the two separate programs is in 
the finite difference operator for the boundary Q) to Q). For 
problems for which the application rate equals the intake capacity of 
the soil (for which the table look-up technique has been imple-
mented), the capillary pressure in the soil on the surface within the 
radius R is zero (or the saturation is unity), which leads to h=D (the 
thickness of soil between the impervious layer and the surface). 
Consequently no operator is needed for the boundary G> to (J) . 
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Determination of intake rate. It is possible to utilize the 
gradient of the total head h at the surface to compute the rate of 
intake. Along this boundary d hid r = 0, d 2 hid r2 = a and d h/dZ 
= w/K. Substituting the finite difference forms of these relationships 
into Eq. 24 gives 
.. (47) 
in which g = (l /K, )(d K, /dPh) as previously defined. 
Solving Eq. 47 by the quadratic formula gives the following 
equation for the dimensionless intake flux at any point. 
W. 
l 
K 
1 [-2t..J4t8S(h. 1 -h. 2 ) ] 26.s gl, l, .... (48) 
The total intake flux can be computed by 
NR w. 
L: 2rr ~ (r6.s) ......... (49) 
i= 1 r i 
in which N R equal the number of radial grid lines to the 
infiltrometer ring. 
An alternative method for computing the amount of water 
which has infiltrated into the soil at any time step is to determine the 
increase in water content of the soil within the region of wetting 
front. This latter method requires more computation than the former 
method but is more accurate since the former method relies on the 
evaluation of a gradient at a point; a process which is subject to error 
by finite difference methods. The latter method has been imple-
mented in the program utilizing the table look-up technique and in 
the program utilizing the Brooks-Corey equations as a check to 
evaluate whether the increase in volume of water within the soil 
actually equals the volume flowing through the 
boundary ~ to Q) on Fig. 1 as specified by the boundary 
condition. 
In implementing this alternative, the saturation is first com-
puted (or obtained from the table look-up) from the pressure at each 
grid point. The water content e is next obtained as the product of 
the porosity and the saturation or e = 11 S. Consequently the 
change in volume of water within the soil for any time step can be 
obtained from 
V n+l _ V 0 __ n+l 0 (SO) L: 1"] (S.. - s .. ) 6. V.. . . . . . 
W W ij lJ lJ lJ 
in which the superscript n denotes the time step, V w is the volume 
of water in the soil, 6. Vij is the incremental volume of soil-air-
water complex associated with any finite difference grid point and 
the summa tion is over all such incremental volumes. The incremental 
volume 6. V ij can in tum be computed from 
2,3, l\JZ-1 . (51) 
:anct 
4V .. 1 and N Z· . (52) 
IJ 
in which 4s = 4r = 4 z as defined previously and NZ is the 
number of horizontal finite difference mesh lines intersecting with 
the axis of symmetry. ~(;)I~sf:!quently t\:1e increase.in volume oJ water 
from the initialization is computed from 
n+l 0 
V - V 
w w 
in which S ~j is the initial saturation at the grid point (ij) and the 
summa tion is over all finite difference mesh points within the 
wetting front. 
In the FORTRAN' program, which utilizes the table look-up 
technique, the saturation at each grid point is taken as the value 
associated witlL one of the 50 pressure entries which is nearest the 
pressure computed from Ph = h-z. That is no interpolation has been 
used between table entries. In the FORTRAN program which uses 
tl;1e Brooks-Corey equations, the saturation is computed from Eq. 8. 
A lternate finite difference operators. Numerical difficulties 
occur during the solution process in the region adjacent to the 
saturated surface from QJ to @ in Fig. I, when this adjacent 
region, as represented by the first row of mesh points next to the 
boundary reaches relatively large values of saturation. The nature of 
these nu'merical difficulties is explained in a later section under 
"results." To prevent the occurrence of this difficulty requires that 
the increment.al time step,AT contipually be decreased in size as the 
soil becomes nlOre sa,tura,ted. Such a reduction in 4 T is accompanied 
by a compaiJlble deQi~ase in change over individual time steps. 
Eventually 'riew time, steps show such a small change that insufficient 
progress results in conpanson to the computational effort required. 
The initiation of this difficulty has been observed when values 
of the hydraulic head for the first portion of the time step, as given 
by h', become larger than. hn-f i at the first row of mesh points 
below the upper boundary.' Furthermore larger values of h' have 
little influence in increasing yalues for h n+ i , since as the soil becomes 
saturated the: magliitude of S in Eq. 25 becomes relatively small. An 
attempt to' 'develop a numerical approach which makes values for 
h n+l more dependent upon values for h * was therefore imple-
mented in an alternate FORTRAN subroutine used to carry out the 
computation needed,to advance a time step. 
Instead of implementing Eqs. 24 and 25 this subroutine uses the 
following two operators in the alternating direction implicit method, 
as well as similar operators for the boundary condition equations. 
and 
+ 45 5 hn. . . . . . . . . . . . . . . . . .. (~4) 
2r r 
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. . . (55) 
In examining the results from solution it appears that using Eqs. 
54 and 55. instead of Eqs. 24 and 25 helped prevent the hydraulic 
head at the half time step from ,becoming much larger than those at 
the full, time step, but -the problem still persisted. Possible methods 
for correcting the problem are suggested later in the report. 
Implementation of these methods will require major changes in the 
program, and are planned as fu ture work. 
DATA AND SPECIFICATIONS ~mQUIRED 
rOOBT AIN A SOLlTTION 
In the formulation 'of the problems given earlier, both the time 
increment and the rate of water application include the saturated 
hydraulic conductivity of the soil. The time parameter T equals the 
saturated permeability, multiplied by real time, i.e. T = Ko t, and 
the rate of water application equals the real rate divided by the 
saturated hydraulic conductivity, i.e. Q = QofK o ' Consequently in 
defining a problem, no' specification is required for the saturated 
hydraulic conductivity, but the specifications for the time step an'd 
irttake rate ii1clude its value. 
In obtaining a number of solutions it became apparent that 
judgment mLlst be used in specifying a problem to insure that all 
specifications are consistent with one another. For example, should 
the specified infiltration rate exceed the intake capacity of the soil as 
determined by its hydraulic properties and its initialized head values, 
then the computations soon produce values for the hydraulic head 
which are nonsense. Specifications including too large an incremel.1 t 
for the time parameter 4T with respect to other features of the 
problem also creates difficulties in the numerical computations. 
Alternatively a specification of 4 T which is too small causes little 
,difference in the value for hydraulic head to occur between 
consecutiw time steps. and consequently the amount of new 
information obtained in comparison with the number of computa-
tions performed is intolerably low. The observation that numerical 
difficulties are accompanied by values for h' or h n+Y, larger than 
hn lead to minor modifications to the programs which decrease 
4 T to one-half its current value whenever h' becomes larger than 
h n+t. Also the present programs increase 4 T should the change in 
values for h just below the soil surface beneath the infiltrometer over 
a complete time step be smaller than the magnitude specified by an 
input parameter. Including these features in the program has relaxed, 
to a small extent, the judgment needed to properly specify a given 
problem in order to obtain a solution. The computer programs will 
not, however, adjust the other basic specifications of a poorly 
defined problem. In determining values to be specified for any 
problem it is, therefore, advisable to examine the results from a prior 
solution. 
The specifications of a problem are by means of several cards 
containing input data. The required data can be classified into the 
following four categories: 1. Establishing the dimensions of the 
problem 2. Defining the hydraulic properties of the soil. 3. 
Specifying the initial hydraulic head distribution and infiltration 
rate. 4. Controlling the flow of computations including the type and 
amount of information printed or written on tape, etc. 
With a few exceptions, the input data required for the three 
separate programs (i.e. two-dimensional program and the two 
axisymmetric programs) are the same. Therefore, the input data 
requirements of the programs will not be discussed separately. 
Rather, when differences or unique requirements exist for one 
program thi~ will be noted. The program which utilizes input data for 
defining the saturation-pressurl' relationship will be referred to, as 
earlier, as the program using a table look-up technique to distinguish 
it from the other program for solving axisymmetric problems. 
Establishing dimensions for the problem 
The dimensions for the problem are established by specifying as 
input data the vertical distance between the impervious layer and the 
soil surface (i.e. the depth of soil) and the numbers of grid lines to be 
used for the finite difference computations. The specification of the 
numbers of grid lines includes the number of axial lines, the number 
of radial lines to the outer boundary of the problem and the number 
of radial lines from the axis to the infiltrometer ring. The specified 
depth of soil, when divided by the number of axial grid lines minus 
one (minus one because the number of grid spaces is one less than 
the number of grid lines), gives the incremental distance between 
adjacent grid lines in the axial direction. Since the finite difference 
operators arc based upon a square grid network, the radial increment 
equals this same amount. The radius of the infiltrometer equals this 
grid increment multiplied by the specified number of grid lines to the 
infiltrometer ring minus one. The outer radius of the problem is 
determined similarly. Consequently, the number of grid lines to an 
infiltrometer ring with a given size R is given by Nr = (Np -I) RID + 
I in which Np is the number of grid lines in the axial direction and 
D is the depth of the soil. Since Nr is an integer the size R may 
actually turn out to be less than R as intended in the specification if 
(Np -I) R is not a multiple of D. 
In carrying out the computations required in the alternating 
direction implicit method described earlier, only those grid points 
within the region affected by the infiltrating moisture are used 
during any time step; that is to say, the field over which the 
computations take place is expanded gradually as required to be just 
beyond the wetting front. Therefore, a solution to a problem not 
underlain by an impervious layer may be accomplished by specifying 
a depth of soil greater than the depth through which the wetting 
front can penetrate during the time covered by the specified number 
of time steps. 
The number of grid lines to the outer boundary of the problem 
should generally be specified equal to the size of the FORTRAN 
array dimensions corresponding to the radial lines. By so doing there 
is less likelihood that the wetting front will penetrate laterally far 
enough to reach this outer boundary. Should a relatively shallow 
depth of soil be specified. and should the computations be extended 
over a relatively long time period, such that considerable lateral 
moisture movement occurs. then the wetting front may well reach 
the outer boundary of the flow region. Should the wetting front 
reach the outer radial boundary CD to G) on Fig. I the solution 
results for T values thereafter must be interpreted as describing a 
problem in which moisture is removed from the outer radial 
boundary at a rate equal to that needed to maintain the capillary 
pressures equal to the initial values at this boundary. 
Defining hydraulic properties of the soil 
The specification of the hydraulic properties of the soil for any 
problem is different in the program using the table look-up technique 
than in the programs using the Brooks-Corey equations. 
The programs which utilize the Brooks-Corey equations in the 
solution, require that the following parameters be specified: (a) The 
residual saturation, Sr' which is defined below Eq. 7, (b) the 
exponent A as used in Eqs. 8 and 12, (c) the porosity of the soil, 11, 
and (d) the bubbling pressure Pb as used in Eqs. 8 and 12. 
The table look-up technique defines the functional relationships 
needed in the solution from input data defining the capillary 
pressure-sa tu ra tion cu rve for the particular soil under the specified 
conditions of wetting. In addition to the pressure-saturation data, the 
following parameters must be specified also: (a) The residual 
saturation Sr' defined as the smallest saturation at which moisture 
movement ceases. Its magnitude defines the lower limits of integra-
tion in Eq. II. (b) The porosity of the soil. (c) The exponent A in 
Eq. 8 which is utilized only to carry out the integration in Eq. II 
11 
over the interval from Sr to the smallest value of input saturation 
contained in the data defining the pressure-saturation curve. An 
cstima te of A is sufficient since its value has a relatively minor 
effect on the final results. (d) A value somewhat analogous to the 
bubbling pressure. This value of pressure corresponds to the upper 
limi t of the integral in the denominator of Eq. II, and consequently 
equals the pressure (a negative value) corresponding to saturation 
equal to unity. Its value must be less than zero and equal to or 
greater (equal or less in absolute magnitude) than the largest value 
(smallest in absolute magnitude) of pressure contained in the input 
data defining the pressure-saturation curve. This pressure is used in 
carrying out the integrations in Eq. II over the interval from unit 
saturation to the largest saturation of the input data. Should the 
input data contain a value of saturation equal to unity, this pressure 
parameter must equal the value of the corresponding input pressure. 
Initialization and specification of inf"Iltration rate 
The initial values for the hydraulic head can be established by 
either assigning all the values equal to a constant which is read in as 
one of the input parameters, or by reading the individual field values 
in from tape or some other input device. The initialization with a 
constant represents a state of equilibrium in which no external forces 
other than gravity are acting on the system. When specifying 
individual hydraulic head values one should be sure that an 
appropriate physical situation is represented which might result at 
some time from the action of physical forces. The final values of 
head obtained after N time steps from a previous solution obviously 
represent such a situation and may be used as initialization in 
continuing a solution over a longer time. In fact, the primary purpose 
in permi tting the initialization of head values to be read in from tape 
has been to permit computation from past solutions to be continued 
for longer time intervals. Should an unrealistic initialization be 
specified which could only have been caused by some distribution of 
internal sources or sinks, then rapid changes in h will occur between 
consecutive time steps and the results may not be valid in 
representing a physical situation. 
Controlling the flow of the computations 
A number of parameters are required as input which control 
whether or not special computations are performed and the nature 
and amount of output written on tape or printed. These parameters 
are generally in terms of integer variables (both single variables and 
arrays). They serve to determine at what time steps the results of the 
solution should be printed, i( and at what time steps the results from 
the solution should be transferred to tape. dmm or other output unit 
in binary code. if and at what time step the change of moisture 
content in the soil should be computed. and whether the field \"alues 
of saturation should be printed. Also through these paramders it is 
possible to specify at what time steps a plot of the iso-head lines 
should be made. the size of such a plot. the incremental differences 
between the adjacent iso-head lines which are to be plotted. In brief 
several parameters are read in at execution time which permit control 
to be exercised over the nature of computation which will be 
performed. and the amount of output obtained without making 
changes in the FORTRAN program. 
REPRESENTATIVE SOLUTIONS AND PRELIMINARY 
ANALYSES OF RESULTS 
Nature of solutions 
The basic solution to problems of infiltration as contained in 
this report consist of values for the hydraulic or total fluid head at 
each finite difference grid point contained in any rz plane for any 
time step included in the solution. An example of these solution 
results is given in Appendix B for a few of the total number of time 
steps used in the solution. Because the volume of results actually 
obtained during the process of a solution is large it is not practical to 
include in a report such as this more than a few parameters or 
features of the solutions obtained to date. An exhaustive investiga-
tion of any particular feature of infiltration would necessitate the 
examination of the numerous pages of computer output giving the 
solution results at closely spaced time intervals. 
The values for hydraulic head which constitute the basic 
solution can be used to calculate a number of additional features of 
the flow, and consequently a solution for h enables a complete 
solution to the problem. 
The capillary pressure can be obtained from the hydraulic head 
by utilizing Eq. 1 which defines the hydraulic head as the sum of the 
elevation and pressure heads. Values for pressure in turn are needed 
for computing the saturation and relative permeability at any grid 
point. If the solution were obtained from one of the computer 
programs which utilizes the Brooks-Corey equations, these latter 
values could be obtained from Eqs. 8 and 12 respectively. If the 
hydraulic head values were obtained from the program which utilizes 
the table look-up technique, values for saturation and effective 
permeability could be obtained by interpolation (if necessary) from a 
table printed as some of the first output for a solution which gives 
these values for 50 equal increments of capillary pressure head cover-
ing the range of the pressure-saturation input data. In the program 
these values are stored and used later to supply the correct values for 
saturation corresponding to the pressure heat at any grid point. The 
saturation can be used in turn to compute the moisture content e 
on a volumetric basis by e = "1 S, or on a weight basis by e = 
S I(Gs (1- ,,» in which 11 is the porosity of the soil and G s is the 
specific gravity of the soil particles. 
Since hydraulic gradients can be computed easily in any direc-
tion, at any point in space and time by dividing the difference in 
hydraulic head ,by the distance over which this difference occurs, 
moisture fll,lxes through any portions of the flow field are computed 
by substituting the gradients and effective hydraulic conductivity 
into Darcy's law. 
The direction of flux movements i.e. draw streamlines; may be 
obtained at any time st~p by tracing out lines of maximum gradients. 
A preferable method, however, is to utilize the fact that streamlines 
are orthogonal to lines of constant head (equi-potentiallines). Then 
values for the stream function throughout the region of flow may be 
computed by either, evaluating the following integral along vertical 
(or radial) lines, 
~ - r S (~~) dz . . . . . . . . (56) 
r z 
or numerically evaluating the following integral along axial (or 
horizontal) grid lines. 
~ i r (~~) dr' ......... (57) 
r 
The subscripts by the integrals and partial derivatives in Eqs. 56 and 
57 denote which independent variable is to be held constant in its 
evaluation. Streamlines are the locus of constant values for ~. 
The numerical evaluation of Eq. 56 can be accomplished in two 
steps. First the derivatives are evaluated by differentiation of an 
appropriate interpolation equation and second the numerical integra-
tion is performed utilizing derivatives at several consecutive grid 
points. For example, at interior grid points (using Stirling's inter-
polation formula, Kunz, 1957) the equation for the derivative based 
on a fourth degree polynomial is 
[.?.{h -h } 
.0.r 3 i+l,j i-l,j 12 
{h'+2 .-h. 2 J] (58) 1 , J l-,J ....... . 
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in which the i and j subscripts are as defined earlier. 
For boundary grid points, the derivatives IllllSt be evaillated 
using only information on one side of the point in question. At tlll'Sl' 
points the derivatives can be based on the Gregory -Newton forward 
or backward interpolation formulas as required by the position or 
the boundary. The equation based on forward differences whicll 
passes a third degree polynomial through four consecutive values of 
the hydraulic head is 
.0.r [ 3 h2 . _.!..l h -~ h + l h J... (59) ,J 6 l,j 2 3,j 3 4,j 
If the incremental change in the integral in Eq. 56 over a grid 
space is evaluated using derivatives at four consecutive grid points, 
two on each side of the interval over which the integration occurs, 
the equation is 
HI 
I [13 (dhl dhl ) 1 (dhl dhl 1 .0.~ "" r.0.z 24 dr + dr - 24 dr. 1 + dr . 2) I j j+l J- J+ 
. ...... (60) 
Integrals over grid spaces adjacent to the boundaries may be 
based upon forward or backward interpolation equations or to a 
lower order of approximation by using the trapezoidal rule. 
The same basic procedure would be followed in numerically 
determining ~ through the use of Eq. 57, except that in Eqs. 58 
and 59 j would be incremented and in Eq. 60 i would be the sub-
script to be incremented as the integration proceeded along z equal 
constant grid lines. 
Results from solutions 
A number of solutions to a limited variety of problems have 
been obtained by specifying different soil properties and initial 
conditions. These solutions have heen obtained by a more or less 
randopt process of parameter specification using published data from 
selected soils in testing the computer programs and modifying them 
to more adequately meet the needs of a user. Varying the parameters 
systemstically in order to define trends and solution sensitivity to 
their magnitudes is anticipated for future work. 
Table I summarizes the problems for which solutions have been 
obtained with the program for axisymmetric flow which uses the 
Brooks-Corey equations and Table 2 (contained later in report) 
summarizes the problems solved by the program which utilizes the 
table look-up technique. Many of these solutions were obtained 
during the process of developing the final computer programs and 
cover only a relatively few time steps. Consequently some solutions 
were terminated before the wetting front had penetrated half way 
through the soil to the impervious layer. Other solutions have been 
carried out a sufficient number of time steps to permit the moisture 
to completely penetrate the soil, and in a few instances to move 
laterally thereafter until it arrived at the outer radius of the specified 
problem In various figures presented hereafter and in describing 
them, the solutions are referred to by the number contained in the 
first column of Tables 1 and 2. Only preliminary analyses of the 
results from the solutions are included in this report. It is hoped that 
these analyses will give guidance in systematically obtaining addition-
al numerical solutions, and designing field and laboratory experi-
ments to determine trends and influences of the numerous variables 
which effect the infiltration process. 
The solutions to problems summarized in Table I in which the 
specified application rate is less than the intake capacity of the soil 
Table 1. Summary of specifications of axisymmetric infiltration problems whose solutions were obtained using the Brooks-Corey equations. 
Prob. Soil Parameters Flux 
No. Sr x: Tl Pb(ft) Qo/Ku (ft2) 
.085 2.0 .300 -3.0 .0013 
2 .085 2.0 .300 -3.0 .002 
3 .085 2.0 .300 -3.0 .005 
4 .085 2.0 .300 -3.0 .010 
5 .085 2.0 .300 -3.0 .050 
6 .120 1.28 .240 -0.92 .006 
7 .120 1.28 .240 -0.92 .006 
8 .120 1.28 .240 -0.92 .010 
9 .120 1.28 .240 -0.92 .015 
10 .120 1.28 .240 -0.92 .020 
II .136 1.077 .400 -0.187 .0002 
12 .136 1.077 .400 -0.187 .0002 
13 .136 1.077 .400 -0.187 .00025 
14 .136 1.077 .400 -0.187 .0003 
IS .136 1.077 .400 -0.187 .0005 
16 .136 1.077 .400 -1.80 .005 
17 .150 1.0 .300 -1.0 .005 
18 .150 1.0 .300 -1.0 .015 
19 .167 3.70 .377 -1.34 .000025 
20 .167 3.70 .377 -1.34 .00003 
21 .180 2.73 .380 -0.76 .0001 
22 .180 2.73 .380 -0.76 .0001 
23 .270 1.82 .485 -2.50 .0001 
24 .270 1.82 .485 -2.50 .0005 
25 .270 1.82 .485 -2.50 .0015 
26 .270 1.82 .485 -2.50 .005 
(i.e. solutions obtained by the program for axisymmetric flows which 
uses the Brooks-Corey equations) will be discussed first. Thereafter 
the results from the problems in Table 2 for which the surface soil is 
maintained at saturation will be disucssed. 
A pplication rate less than the intake capacity. As moisture 
originating from the infiltrometer in the mathematical model moves 
into the soil filling a portion of the voids, the capillary pressure is 
increased (decreased in absolute magnitude) with a resulting increase 
in the value of the hydraulic head, provided that the elevation head 
does not vary. Consequently an examination of the variation of the 
hydraulic head throughout the flow field reveals much about the 
nature of the infiltration flow. The maximum depth at which the 
hydraulic head changes from its initial value is referred to subse-
quently as thy depth of penetration of the wetting front. By noting 
the extent of the change in hydraulic head in the lateral or radial 
direction, an indication is given to the importance of the boundary 
effects on the flow system. The capillary forces from wetter to dril.'r 
regions within the soil increase the hydraulic gradients and causl.' 
larger moisture flux per unit area to infiltrate from a finite arl.'a than 
would infiltrate if water were applied over an infinite arl.'a, such as 
occurs during natural rainfall. When the rate of water applicatilln is 
Initial 
Head Description Reference 
ho(ft) 
-10.0 Parameters selected tv 
-10.0 test solution capability 
8.0 of program 
8.0 
8.0 
1.0 Millville silt loam I Keller, 1967, p. 167 
2.0 Millville silt loam I Keller, 1967, p. 167 
1.0 Millville silt loam I Keller, 1967, p. 167 
1.0 Millville silt loam I Keller, 1967, p. 167 
1.0 Millville silt loam I Keller, 1967,p. 167 
0.75 Lamberg Clay King, 1965, p. 360 
1.0 Lamberg Clay King, 1965, p. 360 
- 1 Lamberg Clay King, 1965, p. 360 
0.75 Lamberg Clay King, 1965, p. 360 
0.75 Lamberg Clay King, 1965, p. 360 
5.0 
2.0 
1.0 
- 4.0 
4.0 
- 2.0 
- 3.0 
- 8.0 
- 8.0 
- 8.0 
- 8.0 
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Clay 
Reynolds Creek Soil Rough estimates of parameter 
Reynolds Creek Soil given by R. H. Brooks in 
personal communication 
Fine Sand Brooks & Corey, 1964, p. 25 
Fine Sand 
G.E. No.2 Sand King, 1965, p. 360 
G.E. No.2 Sand King, 1965, p. 360 
Touchet silt loam Brooks & Corey, 1964, p. 25 
Touchet silt loam Brooks & Corey, 1964, p. 25 
Touchet silt loam Brooks & Corey, 1964, p. 25 
Touchet silt loam Brooks & Corey, 1964, p. 25 
less than the intake capacity of the soil, then these capillary forces 
cause the moisture content beneath a finite area to be less than the 
corresponding moisture content for the case in which water is 
applied over an infinite area. The maximum lateral movement of 
moisture from infiltration generally occurs a small distance beneath 
the surface and readily can be seen by examining changes in hydrau-
lic head values. 
Locuses of lines of constant hydraulic head (equi-potential 
lines) are shown in Figs. 2 for several time steps. These figures were 
drawn using the solution results from problem numbers 3 and 26 in 
Table I. In each figure the most advanced equi-potential line has 
been plotted for a value equal to the constant value used to initialize 
the flow field, pillS 0.0003, and therefore these lines show the 
positions of the wetting front 3t the different time skps. Th.' Y('rtk'31 
position of tht' wl.'tting front rl.'presents the dt'pth 1)1' IW11l'tratil)n. 
3nd tht' difti.'rl'nl.'l.' bl.'t\\"l'en tl1l.' m3ximum radius and th,' Lldius l)f 
thl' intiltronll'tl'r ring l'ljuab till.' amount of lateral n1\)\ ,'nh'nl ,II that 
tinll' step. 
TIll.' rl'sults frnm Ihl' \aril)us Sl)llllil)lb 1\) Ihl' I'r,)bl.'11l' ill T.1l'k 
for thl.' maximum dl'pth ()f penl'trali()n ()f lhl' llh'\slur,' 111\'\ 1.'111,'111 
haYl' l"'I.'n pl()II1'd againsl 11ll' lin1l.' p;lran1l.'ll'r T in I-"i~. ,. rh,' 
o 
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(a) Problem 3 at T = 0.1. 
(b) Problem 3 at T = 1.0. 
Figure 2. Distribution of equipotential lines resulting from axisymmetric infiltration as given by the solution to a, b, C, d, e, and f. 
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(d) Problem 26 at T = 0.2. 
(e) Problem 26 at T = 1.0. 
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depth of this penetration has been detennined by noting at what 
depth the value of the hydraulic head at the centerline changed from 
its initial value in the third digit to the right of the decimal point, 
and not from the curves as described above. That is, the position of 
the wetting front has been detennined in Fig. 3 as the depth at which 
the head values which are printed with three digits to the right of the 
decimal change from their initial values. Some of the solutions show 
that the wetting front penetrated to the impervious layer well before 
the end of the time scale of Fig. 3. Complete penetration for other 
problems occurred only at times beyond the limit given in Fig. 3, and 
these are shown by the broken lines in the right portion of the figure. 
For some of the other problems for which relatively small applica-
tion rates were specified or the computations covered relatively short 
time periods, the wetting front had moved only part way through the 
soil. The position of the wetting front at the tennination of the 
solution can also be seen from Fig. 3. 
While it may be hazardous to draw conclusions concerning the 
effects of the several soil parameters on the rate of moisture move-
ment from the extremely limited number of solutions obtained to 
date, particularly in view of the number of variables involved in 
specifying a problem, a few observations are made below by noting 
general trends between depth of moisture penetration and the 
magnitudes of parameters which are used to specify the problem. 
With data from solutions obtained in a more systematic manner these 
trends can no doubt be defined more adequately. 
The depth of penetration at T = 0.4 has been plotted against 
the specified rate of flow application for problems I, 2, 3, 4, and 5 
to give the upper curve in Fig. 4. Likewise the data from the solu-
tions to problems 23, 25, and 26 have been plotted giving the lowest 
curve in Fig. 4. Data from the solutions to problems 6,8,9, and 10 
at T = 0.05 have been plotted as the intennediate dashed curve in 
Fig. 4. In all three cases the data fit a straight line well. Since Fig. 4 is 
a log~log plot is seems reasonable that the depth of penetration dp is 
related to the infiltration flux Qo/Ko by an equation of the fonn 
d
p 
a r:: r ............ (61) 
Upon computing the coefficients for the upper curve in Fig. 3 
the equation becomes, 
Q ,0822 
dp = 0,988 i K:) ........ (62) 
or written in tenns of the dimensionless infiltration flux Q j(AKo) 
in which A is the area of the infiltrometer, i.e. A = 1T r;; , 
Q )' 0822 
d = 1. 0337 (AKa 
p a 
. . . . . . (63) 
The corresponding equations which describe the lower curve in 
Fig. 4 are . 
and 
d p 
Q )' 0822 
O,853(K: ........ (64) 
18 
Q ,0822 
d
p 
O,89 24(A:J ....... (65) 
respectively. 
It is interesting to note that the exponents for the equations for 
both the upper and lowest curves in Fig. 4 are equal i.e. the lines are 
parallel. Unfortunately an insufficient number of solutions with T = 
0.4 for varying specified application rates of flux have been obtained 
to date for the other soil types listed in Table I to ascertain whether 
the exponent is actually constant or merely a coincident for these 
two cases. 
For the intennediate dashed curve on Fig. 4 at T = 0.05, the 
exponent is larger, however. The equation for this curve is 
d 
P (
Qo )' 226 
1.62 K 
a 
A tentative indication of the relationship of depth of penetra-
tion to the magnitude of hydraulic head (or capillary pressure) used 
as the initialization of the problem can be obtained by comparing the 
solutions with all other specifications identical except the initial head 
h o. Three pairs of problems, for which solutions have been obtained, 
fall in this category, namely 6 and 7; II and 12; and 2I and 22. 
There is little difference between the depth of penetration shown by 
the solutions to problems 21 and 22 as can be noted from Fig. 3. 
Data from the solutions of the other two pairs have been plotted in 
Fig. 5 using the depth of penetration at T = O. I. Since only two 
values for different initial heads are available for the two soil types, it 
is not possible to suggest that the relationship between the initial 
head and penetration depth is linear as shown by Fig. 5, but it may 
be significant that the two lines are parallel. 
Indication of the relationship of the depth of penetration to soil 
parameters SF' and Pb' cannot be determined as was done for 
Qo/Ko and ho' since no series of solutions were obtained with one 
parameter varying but all other specifications held constant. It is 
possible to note from a study of Fig. 3 that the rate of penetration of 
the wetting front is more rapid, provided other conditions such as 
the flux are held constant, for soils with larger bubbling pressures 
(less in absolute magnitude) than for soils with smaller bubbling 
pressures. There also appears to be higher rates of penetration with 
decreases in the magnitude of the exponent A.. 
The maximum lateral movements of the wetting front beyond 
the infiltrometer ring for the various problems in Table I are shown 
in Fig. 6. The ordinate of Fig. 6 does not measure in any way the 
volume of water moving laterally or how significantly it causes 
axisymme tric infiltration to deviate from one-dimensional vertical 
movement. Rather it depicts only the maximum penetration in the 
radial direction of the wetting front as measured by a change in the 
third digit of the hydraulic head values . 
A comparison of Fig. 6 with Fig. 3 reveals that there is a 
definite correlation between the rate of lateral movement and the 
rate of vertical penetration of the wetting front. The same problems 
whose solutions show the more rapid vertical penetration in Fig. 3 
show up on Fig. 6 as the solutions giving the greater rates of lateral 
movement for the smaller values of T. Noteworthy, however, is that 
the ultimate amount of lateral movement at the time when the 
impervious layer is reached by the wetting front is not appreciably 
different at least for those problems solved to date. If any trend does 
exist, then the ultimate magnitude of lateral movement is slightly 
greater for the slower moving wetting fronts as measured by T = 
Kot. 
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Figure 4. Relationship of depth of penetration of the wetting front 
to the application rate for three soil types. 
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Figure 7 shows the data for the maximum lateral movement 
plotted against the specified rate of flux application for the same 
three soil types as used to plot Fig. 4. [n this figure, which is a log-log 
plot, the data from problems I, 2, 3, 4, and 5 do not plo.t with the 
same slope as the data from problems 23, 25, and 26 as is the case 
for vertical penetration. The amount of deviation between the 
plotted data and the straight line relationships on log-log paper is 
slightly more for lateral movement than that for the relationship of 
flux rate to vertical penetration in Fig. 4. However the deviation is 
not very large. Consequently to conclude that an equation in the 
form of Eq. 61 does not describe the relationship between lateral 
movement and rate of application would be erroneous without 
additional information. Additional solutions which systematically 
vary the rate of application for a number of soil types are l1eedt'd 
before a conclusion can be reached regarding the form of e<]uatiol1 
which best describes the rate of flux lateral mOWI1K'l1t relatiol1ship. 
Figure 8 depicts the variatiol1 or tIll' lall'ral mO\,,'I1I1.' 11 I as ;1 
function of the magl1itud.l' or the hydraulic IIl'ad us,'d ;IS Ih,' 
initialization for thl' problL'm as giv,'11 by I Ill' limill'd Illlmb,'r (lr 
solutions for the two soil tYPl'S ror probkms b ;Ind 7. alld II ;lIld I ~ 
respectively. Both linl's 011 loig. ~ indicall' Ihal Ihl' r;11l' (It' lal,'ral 
movement illcrea~cs with iIlLT,'asillg magllilu(k or till' inili;Iii/illg 
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hydraulic head, but the amount of this increase which is measured by 
the slope of the line is different for the two soil types. 
A dimensionless parameter for the lateral movement is 
1. d = 1. T'] S/K r T = 1. T'] S/K t. The magnitude of this parameter 
measures fIle rate of lateral movement of the wetting front in 
relationship to the actual velocity of movement in saturated soil 
under the influenc~ of a unit gradient. The magnitudes of this para-
meter at T = 0.1 for the four problems 6. 7. 11. and 12 whose results 
are plotted on Fig. 8 are (£d)6 = 38.9. ( £d)7 = 173.6. ( £d)1l = 
6.602. and ( £d) 12 = 5.277 .. respectively. As expected the magnitude 
of this parameter increases with decreasing initial hydraulic head in 
problems 6 and 7. This increase indicates. in a general way that the 
inerease in hvdraulic gradient which causes the lateral movement and 
which result; from a ~edu~·tion in the soil pressure more than offsets 
th(' r('duction in moisturt:' 1110Wl11ent caused by higher resistance as 
th(' sa tmation d"'~T,'as('s. Sin~'t:' tht:' results frol11 problems II and 12 
show a sli~llt ,kcr,';ls,' in til,' paral11t:'tt:'r .ed witll dt:'creasing initial 
hnlrauli,' head. th,' (lPPllSit,' is tru,' for thesl.:' probll:'l11s: tllat is the 
i1;~T,'as,' in hnlraulil' gradk'nt is kss proportionately than the 
in,,'r,';ls,'d r,,'sis[;lnc,' I(l nlll\,,'l11,'nt. Additional solutions are needed in 
(lr,kr tll ~,'Ih'ra lil" ,'lln,','\'1l ing possib k' rda tionsllips between the soil 
paranll' krs and tIll'S,' rd;1tiw d'fects wllich appear in the moisture 
1l1(l\'l'nk'nt. 
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Another item of interest is the increase in saturation from the 
beginning of the application of moisture. The variation of the 
saturation of the soil at the surface and center axis of the inflltro-
meter with the time parameter T has been plotted in Fig. 9 for the 
26 problems in Table 1. The manner in which the saturation 
increases with increasing rates of water application can be examined 
by comparing those curves on Fig. 9 which are for the same soil type, 
but for which different rates of application were specified. The 
problems which fall in this category are 1,2,3,4, and S; 6,8,9, and 
10; and 23, 2S, and 26. The results from these problems have been 
plotted in Fig. 10 to give the three separate curves for the three 
separate soil types represented by these problems. The curves drawn 
in Fig. 10 from the results of problems 6, 8, 9, and 10, and 23, 2S, 
and 26 are for T = .4, whereas the curve from problems 1, 2, 3, 4, 
and S was obtained for T = .IS. It should be noted that all three of 
the curves on Fig. 10 which is also a log-log plot, are concaved 
upward. 
Curves from data of saturation' versus T, similar to those given 
in Fig. 9 could be made for any other point within the flow field. 
Such plots would show saturation with larger magnitudes at points 
below the surface for the problems with very small rates of applica-
tion Qo/Ko' These larger values of saturation are due to increased 
pressure heads resulting from smaller elevation heads. For larger rates 
of application, however, the opposite is true; that is the largest values 
of saturation occur on the soil surface within the infiltrometer ring. 
With Qo/Ko large the increase in saturation due to the added 
moisture is greater than the increase due to decreasing elevation. 
The manner in which the saturation varies throughout the flow 
field is displayed in Figs. II through 16. In these figures series of 
lines for constant saturation (iso-saturation lines) have been plotted 
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in one-half of the meridial plane containing the axis of symmetry. In 
each of these figures separate iso-saturation lines have been plotted 
using different dash-dot combinations for varying time steps T. The 
distribution of saturation prior to the start of the solution (i.e. the 
initial saturation distribution) is given by the horizontal lines 
consisting of a long and a short dash. The distribution of saturation 
for the shortest time interval after the beginning of the solution is 
given by the solid lines, and the distribution of saturation at the 
longest time interval is given by the heavier lines consisting repeated-
ly of a dash and three dots. The second to the largest time interVal is 
represented by the short dahsed lines. By comparing the positions of 
the lines for the same value of saturation but for different time 
intervals, the nature of the moisture movements can be observed . 
An examination of Figs. 11, 12, and 13 shows that for the three 
problems whose solution results were used in making these plots (i.e. 
problems No.3, 4, and S in Table I respectively), the specified rate 
of application Q jKo is great enough to cause the saturation at the 
surface beneath the inmtrometer to be larger than at depth below 
the surface for all time intervals greater than zero. Only beyond the 
wetting front in these solutions does the saturation increase with 
depth below the surface. An examination of Fig. 14, which was 
obtained from the solution of problem 17, reveals a different varia-
tion of saturation. For the shortest time step T = 0.04 the satura-
tion below the inflltrometer decreases with depth for a short distance 
and then increases thereafter with depth. Because of the relatively 
large intervals between consecutive iso-saturation lines it is not 
possible to determine from Fig. 14 how long this reverse variation of 
S exists. However an examination of the values of saturation 
indicates that in this solution the saturation decreases with depth 
below the surface and then increases again for greater depths for all 
the earlier time steps. The amount of this decrease diminishes with 
increasing values of T until at T = 0.30, the largest value shown on 
Fig. 14, there is constant saturation to a depth of 0.28 feet and 
thereafter the saturation increases with depth throughout the remain-
ing vertical profile. 
The distribution of saturation in Fig. IS, on the other hand, 
shows an increase in saturation throughout the entire vertical profile 
with distance below the surface for all time steps. Clearly the nature 
of the moisture movement from problem 18 whose distribution of 
saturation is plotted in Fig. IS is quite different from that from 
problems 3, 4, and S whose distributions of saturation are plotted in 
Figs. 11, 12, and 13. Problem 17 (Fig. 14) shows moisture movement 
similar to problems 3, 4, and S for short time steps and similar to 
problem 18 for longer time steps. 
In problem 18 it does not appear to be completely correct to 
talk of a wetting front advancing. Rather the rate of application is 
small enough that the saturation within a large portion of the flow 
field increases gradually as moisture is added, whereas in problems 3, 
4, and S there is a much more abrupt change in saturation across the 
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wetting front. There appears to be some similarity between the two 
somewhat different types of moisture movement in partially satu-
rated soil and subcritical and supercritical flows in open channels. In 
one case a signal of what is occurring upstream is transmitted down-
stream whereas for the other case no such signal transmission occurs. 
A physical explanation for the different behavior for the two situa-
tions in the partially saturated moisture movement might be that in 
the one case the moisture surrounding the soil particles does not 
form a continuum which readily transmits upstream occurrences; in 
the second situation, as depicted by the results in Fig. 15, the 
moisture does for a continuum capable of transmitting such 
influences. The plausibility of this explanation is reinforced by the 
fact that the degree of saturation is much larger throughout the flow 
field for problem 18 than for problems 3, 4, and 5. 
Additional solutions are needed to determine what conditions 
are needed for each of the flow situations to occur. Furthermore 
experimental verification of the phenomena is needed as well as a 
study to determine whether the theory predicts the occurrence of 
the phenomena at the proper value of saturation and other 
conditions. 
The distribution of saturation in Fig. 16, which has been 
obtained from the solution results of problem 26, is different than in 
any of the previous problems. The maximum saturation for this 
problem occurs just below the surface, and in the case of the time 
step T = 1.0 the minimum occurs a short distance above the 
impervious layer. 
Application rate equal to the intake capacity of the soil 
Preliminary analyses of the solutions to the problems listed in Table 
2 are discussed in this section. As mentioned earlier these solutions 
have been obtained using the alternating direction implicit method 
by the program which utilizes the table look-up technique in 
combination with the Burdine theory. The capillary pressure-
saturation data, used to define the four soil types included in the 
eight problems in Table 2, are given in Table 3. These data have been 
plotted in Fig. 17 on rectilinear coordinate paper. The relationship 
between the capillary pressure and the relative permeability as 
obtained from a numerical evaluation of the Burdine integral is 
shown in Fig. 18. Values for the derivatives (l IKr )(d Sid Ph) and 
(0.5/K r )(dK r /d Ph) as well as Kr are given in Table 4 for the four 
soils. This table consists·of the information printed by the computer. 
The output from four of the solutions has been attached together to 
form the single Table 4. The values for (l IK r )(d Sid Ph)' 
(0.5/K r )(dKr Id Ph) and K r are listed for 50 equal increments of 
the capillary pressure beginning with the largest capillary pressure 
(smallest in absolute magnitude) supplied as input (Table 3) and 
ending with the smallest capillary pressure inTable 3 for each ofthe 
four soils. 
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Examples of the equi-potential lines obtained from solutions to 
problem 28 are given in Figs. 19 for three of the time steps. In these 
figures the value of the hydraulic head on the soil surface beneath 
the infiltrometer equals the distance between the impervious layer 
and the soil surface, since the pressure is zero on this surface and the 
datum for the axial coordinate is at the impervious layer. The 
distribution of hydraulic head in these figures indicates a rapid 
change in pressure within a small distance below the surface. 
Additional subdivided radial grid lines are needed to define this 
variation for a thorough study of the change in moisture immediately 
beneath the surface. Such a subdivided network has not been 
jncorpor!lted into the present computer program. 
The distribution of saturation at several time steps is displayed 
by the iso-saturation lines on Figs. 20, 21, and 22 for problems 27, 
31, and 33 respectively. From these iso-saturation lines it can be 
observed that within a tenth of a foot from the surface the degree of 
saturation generally changes from less than 0.5 to unity at the 
surface. Only for the most advanced time step which is shown on 
these figures (i.e. the iso-saturation line drawn with the heavier line 
consisting repeatedly of three dots and a dash) does the region of 0.9 
and greater saturation extend downward approximately one-tenth of 
a foot. 
Whenever a portion of the flow field reaches high val lies of 
saturation, such as at these advanced time steps numerical difficulties 
occur in the solution process unless the time increment 6 T is 
decreased sufficiently. The present program does decrease the value 
of 6T. However, as 6T becomes very small, insignificant progress is 
made in advancing in time from one time plane to the next. Hence 
the results from the solutions obtained for the case in which the 
surface is saturated are all limited to having a relatively small portion 
of the total flow field effected by the infiltrating water (i.e. the 
solutions are restricted to relatively small values of T). 
The reason for this limitation is that as soil reaches unit 
saturation the partial differential, Eq. 6 changes from parabolic type 
to an equation of elliptic type. The change in type occurs when the 
quantity on'''the right side of the equal sign in Eq. 6 becomes zero. 
For elliptic equations the boundary conditions establish the values of 
the dependent variable throughout the flow field. The method used 
in solving the partial differential equation is designed only to handle 
parabolic equations and does not necessarily cause the interior grid 
points to take on values which satisfy the boundary conditions. 
A somewhat more elementary way to view why the presently 
used alternating direction implicit method is not well adapted for 
solving problems with regions containing nearly saturated flow is to 
examine Eq. 16 in light of the values of the derivatives given in Table 
4. As the pressure in the soil increases corresponding to increases in 
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Figure 15. Iso-saturation lines at several time steps :IS given by the solution to problem No. 18 in Table 1. 
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Figure 16. Iso-saturation lines at several time steps as given by the solution to problem No. 26 in Table 1. 
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Table 2. Summary of specifications of axisymmetric infiltration problems with the surface saturated whose solutions were obtained using the 
table look-up technique. 
Proh. 
No. 
27 
28 
29 
30 
31 
32 
33 
34 
S, 
.180 
.180 
.180 
.180 
.270 
.270 
.340 
.340 
Soil Parameters 
A. 
2.0 
1.88 
1.8X 
UH~ 
1.82 
1.82 
1.56 
1.56 
Initial 
Y] Head Description 
ho ft 
.350 -6.0 Fine Sand 
.485 -4.0 G.E. No.2 Sand 
.485 -3.0 G.E. No.2 Sand 
.485 -1.0 G.E. No.2 Sand 
.485 -6.0 Touchet silt loam (G.E. 3) 
.485 
-4.0 Touchet silt loam (G.E. 3) 
.239 
-6.0 Mesa Verde-I 
.239 
-5.0 Mesa Verde-l 
Table 3. Capillary pressure head-saturation data used in the solutions to problems listed in Table 2. 
Problem Numbers 
28,29, & 30 31 & 32 
Capillary Saturation Capillary Saturation Capillary Saturation 
Pressure (ft) 
-0.60 
-2.10 
-2.70 
-3.50 
-4.05 
-4.40 
-4.70 
-5.20 
-5.66 
-6.63 
-7.60 
0.995 
0.960 
0.920 
0.840 
0.760 
0.680 
0.600 
0.485 
0.400 
0.240 
0.220 
Pressure (ft) 
- .17 
- .30 
- .47 
- .60 
- .77 
-1.08 
-1.27 
-1.47 
-1.66 
-1.93 
-2.11 
-2.38 
-2.60 
-2.85 
-3.16 
-4.08 
Pressure (ft) 
.995 -0.748 1.0 
.960 -1.076 .998 
.940 -1.404 .995 
.900 -1.732 .992 
.845 -2.060 .984 
.720 -2.224 .978 
.640 -2.379 .967 
.580 -2.552 .946 
.485 -2.700 .892 
.400 -2.877 .821 
.360 -3.209 .719 
.310 -3.530 .641 
.295 -4.035 .562 
.265 -4.678 .492 
.250 -5.807 .424 
.200 -6.798 .383 
31 
Reference 
King, 1965, p. 360 
King, 1965, p. 360 
King, 1965. p. 360 
Brooks & Corey, 1964, p. 25 
Brooks & Corey, 1964, p. 25 
White, 1968, p. 103 
White, 1968, p. 103 
33 & 34 
Capillan Saturation 
Pressure (ft) 
-0.328 .9996 
-0.656 .998 
-1.509 .995 
-2.-+28 .993 
-2.887 .990 
-2.953 .988 
-3.018 .983 
-3.084 .981 
-3.150 .979 
-3.215 .976 
-3.280 .962 
-3.340 .943 
-3.399 .879 
-3.471 .834 
-3.537 .789 
-3.596 .767 
-3.668 .727 
-3.730 .710 
-3.802 .684 
-3.868 .665 
-3.921 .658 
-3.986 .648 
-4.298 .613 
-4.649 .563 
-4.970 .549 
-5.299 .527 
-5.623 .511 
-5.945 .499 
-6.611 .468 
-7.260 .458 
-7.979 .437 
-8.747 .425 
-9.810 .406 
-11.640 .387 
-13.176 .380 
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Figure 17. Capillary pressure head-saturation curves from the data in 
Table 3 which was used to define the four soil types 
represented by the problem in Table 2. 
saturation, the value of(l/K r ) dS/dPh decreases substantially from 
the values at small values of pressure (the latter values in Table 3). 
The value of ( I /K r) d K/d Phon the other hand does not change its 
value very much. Consequently the result is that dh/dT must 
become large as (I/K r ) dS/dPh becomes small, in order for the 
right side of the equal sign to match the value on the left of the equal 
sign. In the next section some possible alternatives to the method of 
solution are suggested which may be better adapted for obtaining 
solutions for larger time intervals T. 
Another item of interest is the variation of infiltration rate with 
time. The mass-inftltration _curves resulting from the solutions to 
problems 28, 29, and 30 have been plotted in Fig. 23. Similar curves 
for problems 31, 32, 33, and 34 are given in Fig. 24. The rate of 
inftltration equals the slope of the mass-inftltration curve at any 
time. An examination of Figs. 23 and 24 shows a declining rate of 
inftltration with increasing T. This declining rate is particularly 
noticeable for the infiltration curves given in Fig. 24 which show a 
large rate of inftltration at the beginning, at least until the moisture 
deficit in the top most layers of soil are satisfied. Furthermore, it 
should be noted from both Figs. 23 and 24 that the initial rate is 
larger for the soils at the smaller initial capillary pressures. Since all 
32 
the problems plotted in Fig. 23 are for the same soil type with 
varying initial heads ho specified, this higher initial infiltration rate 
for the drier soil is illustrated by the curve for problem 28 at the 
initial "head h = -4.0 feet, which lies above the curve for problem 29 
at ho = -3.0 feet, which in turn lies above the curve for problem 30 
with ho = -1.0 feet. Similarly in Fig. 24 the curves for problems with 
the same soil type but at smaller values for ho are above those for 
the larger values for ho. 
Possibilities for improving solution capabilities when 
regions of the flow approach saturation 
In the previous section it was pointed out that whenever a 
portion of the flow field, as represented by interior grid points, 
exceeds saturation of approximately 0.9, depending upon the 
hydraulic properties of the soil, the time increment D.T must be 
reduced in magnitude until essentially no further progress in time is 
achieved between consecutive time planes. Possible alterations to the 
solution method, which may prove to be less subject to this 
limitation, are suggested in this section. A thorough investigation of 
the merits of the several suggestions has not been made. Rather the 
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Table 4. Values of derivatives needed in the solution of the partial differential equation which ~ere obtained from the capillary pressure 
head~aturation data in Table 3. 
dS ~ dS JKy ~ .s d K ... 
K ... bP .5~ Kyo KroP .5 1<ro P ...&. KrdP K ... dP ~ 
PROBLEM 27 IN TABLE 2 
VALUES OF OS/OP/KP.. (l/2}(OK/DP/KRJ AND KR OETfRMINEO FROM S VS PC DATA 
1 .3609S-01 .5341(;+00 .49591+ 00 2 .41961- 01 .4 DB 11+00 .44195+r.r. 3 .47558-01 • 32 Q 4 5+00 .405 (,ll +00 
4 .,3091-01 .27613+ 00 • 37 7~ 8+ no 5 .58738- 01 .23881 +0 0 .35724 +no 6 .64682-01 .21223+UO .34073+00 
1 .7113 0-01 .19:n 0+ 00 .32116+ 00 8 .78345- J 1 .] 7961 +0 n .31573 +OCl 9 .86694-01 .17073+00 .30588 +00 
10 .96735-01 .16601+00 • 291Z 0+ on 11 .10941+00 .16561 +00 .28939+00 12 .27.3G9+00 .29858+00 .27417+00 
13 .24857+ 00 .29364+ 00 .25858+ 00 14 .27693+30 .29168+00 .24442 +00 15 .30~88+00 .29285+00 .23143+00 
16 .40407+00 .34287+ 00 .21677+00 17 .115259+00 .34539 +0 0 .20239+rO 18 .50891+0(1 .35 m; 4 +00 .189[;6.,.00 
19 .57 53 ~+ no .3590~ .. 00 .17 66 0+ on 20 .65531+)0 ."!-7139+00 .16484+00 21 .75396+ 00 .38872+00 .15302+00 
?2 ."0963+00 .47603" 00 .1.4· 22 0 .. OJ 23 .10701 +01 .45507+00 .13107+00 24 .12.A56+01 .49580 +00 .12ulb+OO 
25 .15937+01 .55564+ 00 .10926+ 00 26 .2 35 43 + 1 1 .72200+00 .94801-nl 27 .29182+01 .7F!155+0D .811~:'-01 
28 .43750+01 .97010+ 0(1 .634-3 3- 01 29 .54216+01 .97584 +00 .·48049-01 3!1 .71747+01 .10442+01 .3fdI.f4-01 
31 .87855+01 .10271)+01 .268"96- 01 32 .108 A<;'+ D 2 .10258+01 .2f1!J65-01 33 .13(·57+02 .10303+01 .11.f'"l43-01 
~4 • 1689 ~+ 02 .1035 1 + 01 .11 11i 2- 01 35 .223 08+J 2 .10953+01 .82355-n2 36 .30057+02 .11690+01 .59615-02 
n .23055+OJ .73755+00 .13109fi-03 38 .26823+::1 3 .73441+00 .106(]IJ-03 39 .31396+03 .73628+00 .86689-04 
40 .36977+03 .. 711 27 0+ 00 .1D 186- 011 41 .43839+03 .75351+00 .S6685-n4 42 .5'2348+03 .76880+00 .45& 11-011 
1.j3 .6301 2+03 .78887+ 00 .36516.-011 114 .765 36+3 3 .81429 +[}o .29045-04 45 .9193J+03 .84594+00 .229 ill -04 
46 .11667+04 .8851 2+ 00 .17 89 9-04 47 .14700+04 .93379+00 .13807-'14 48 .IR840+04· .99491+UO .10485 -0'1 
49 .24664"011 .10132+01 .78071-05 50 .313 07+0 4 .11367+01 .(;(;023-05 
CAl 
,J:Io. 
PROBLEMS 28,29 & 30 IN TABLE 2 
VALUES OF OS/OP/KR. (1/2)(OI</OP/KR) AND KR DETERMINEO FROM S VS PC DATA 
1 .16610 .. 01 .2n58 0 +02 .93 no 6+00 2 .451 7.1 +[) a .24IJ RR+Ol .41673+00 3 .28390+00 .907112+00 .3b19~+OU 
4 .16806+00 .19584+00 .33 24 8+ 00 5 .114 59+J 1 .1 111 02+01 .26116lf+on I) .1!J933+01 .10327+01 .2082b+.O(; 
7 .18424+01 .15152+01 .17 095+ nJ 8 .234 74 +01 .14Q27+01 .14202 +00 9 • 35781 + 01 .17446 .. ul .1IC~3+00 
In .46917+01 .17611 5+ 01 .85394- 01 1 1 .E1705+Ql .18036 +n 1 .f>579R-OI 12 .81624 .. 01 .18621+01 .5::14 i:: -0 1 
13 .12'959+02 .22332+'11 • 3581 8-n} 14 .14904 +32 .19630+01 .25681-01 15 .12?72+02 .1337()+01 .216U3-01 
16 .15780+ 02 .1459R+0l .187D1-01 17 .211 70+02 .16564 +0 1 .15981-rll 18 .53016+02 .2'378 O .. U 1 .1'J?bu-Ol 
19 .54941"02 .262P. S+ 01 .65 BE 4- 02 20 .9?l1~+32 .27325+01 .4329~-fl? 21 .11:'05+03 .24564 +0 1 .2en·Z-02 
?2 .141l9·0~ .23 3~O+Ol .19 6J 1-02 23 .18193+33 .22943+01 .13562-02 24 .?.3f107 .. 03 .23041+01 .941U8-03 
25 .32147+n~ .237rJC)"1)1 • 64 9lf 3- 03 26 .6 % 9;(+0 J .26101+01 .28136-03 27 .Sr:,344+03 .19022 +01 .I'Bb3-03 
:?8 .,9523+03 .16449+01 .15008- 03 29 .462 95+J 3 .11254+01 .13199-[13 3f' .56586+03 .12290+Ul .11'\37-83 
31 • 7l296+0~ .1375~+01 .1:1 51 4.-03 32 .25504 +34 .1: 29 4~ +01 .56656-04 33 .2~127+04 .22673+ul .371f,3-04 
34 .25209+04 .19810+01 .25573- Oil 3S .? 19 7'5 +34 .14.127 +01 .21587-n4 3F. .77045+04 .15629+01 .1 77b4 -04 
37 • BE5 2+ D4 .If·67S+:Jl • tlf 4F> 3-04 3R .4 24 05 + 34 .178'37+01 .1If32-(lu 39 .S4?27.04 .19341+01 .9 22.d~ -05 
40 .7~555+04 .2106 '3+ 01 .11 885- 05 4 1 .93713+84 .231 77 +01 .54QI4-nS 42 .12702+05 .25783+01 .411'332-05 
43 .17924+05 .2911 3+ 01 .29 S9 7- 05 44 .261 81 + 8 5 .33510+01 .20587-05 45 • 40 ~7h+ 05 .3Q607+01 .13f,U4-05 
46 .666'"l1+0C: .4~6,)J+Ol .83 f>B o-m; 47 .1 7293+ [16 .5?:929+01 • 4 ~ 1 3C!-O 6 UP. .77 61 C)+OF .95Q36+01 .2(1914-06 
4'3 .IQ4Qt;+07 .2?OQ'=!+ 02 • Sf, 13 9-07 50 .? 5D 54 +07 • 3 ~~ 7E + 0 2 .23963-n1 
'I 
I 
Table 4. Continued. 
as d I<'r dS d K ,.. dS dKr 
K .. oP .5Krap K,. Kl'"dP ,SKrdP ~ 1<1'" "dP .5K,. oP 1( .. 
PROBLEMS 31 & 32 IN TABLE 2 
VALUE~ OF DS/OP/KP. ( 1 I '2 J { OK IC'P I K O} A "-'J K R DrT[~MINfr. FROM S VS PC DATA 
1 .;;0748-[)2 .Q3P5-CIl .86321+00 2 .5 7':1 47- J 2 .77[,78-01 .87085+'1n .7<:' 054 -02 .68542-01 .861n+oc 
4 .10?·41-rl .8nF?7-L1l • .~ .. 2'97+ 01 5 .11['48-01 .F%35-01 .82764+r10 f, .1l?2.~-01 • S~ 50 7 -0 1 .314 7C +00 
7 .lCl350-01 .tl1P.7~-Ol .3J3.13f>+01 g .1 17 5f.- 01 .4 ql '~?-O 1 .8036Cl+Or. 9 .25790-01 .94585-01 .795%+00 
10 .292QC:;-Ol .C!59E:n-0l • B 526+ rn 1 1 • 3 4~ qO- J 1 .lr374+00 .11479 +no 12 .44119-01 .12213+00 .7033B"uO 
13 .34231-01 • ~ 14 q 3+ no .74 7R 2+ 00 1 4 .1 n7 89+ J 0 .253 cr. + r 0 .72495 +(1n 15 .17553+00 .31689+00 .69235 ... 00 
IF; .'i9643+QO .1115<:+111 .5] 476+(1:) 1 7 .978 f,9+ J 0 .14497+(11 .44868+r)O tp. .11572+01 .13255+01 .31905+00 
19 .1409'3+ 01 .1265 a .. 01 .23145+O:J 20 .1 7:J 33":1 1 .121~1+OI .17040+f:r) 21 • ~S7?9+01 .14623+01 .126.37+00 
22 .26846+01 .12rn~+01 • ~l 396-01 23 .? % 8~ + J 1 .10749+01 .£'='119-rn 24 .3'i 714+01 .1045'3+Ul .53112-01 
2') .~9119+01 .'36 3P, h+ 00 .41 55 ~-"1 26 • 4 42 39 + J 1 .91164+00 .3297'3-n] 27 • SQ 4.14 + 0 1 .87680+00 .2t452-01 
?8 .16£)87+01 .11118+01 .2iJ 7R 0-111 29 .758 93+J 1 .91494+00 .16231-nt 3("1 .79233+01 .81251+00 .13128-01 
31 .84f.40+01 .7481 q+ 00 • 10 8~ J- 01 32 .9153!:+01 .1031E+00 .90581-02 33 .10814+02 .72718+00 .76343-02 
34 .U580+02 .. 6P 0'1 4+ 00 .61t 18 5- 02 35 .1250'E+0.2' .;464e +[Hl • ~44 97 -02. ,~, 36 .13580 + 02 .62082+00 .46611-02 
H .. 14805+02 .. f>009 7+ 00 • 4J 08 8-02 38 .16189+02 .58540+00 .34629-02 39 .17746+02 .57314~UO .3001;)-02 
40 .19492+02 .56351+00 .26086- 02 'II .211150+02 .55E-OS+OO .22719-n'2 42 .23645+02 .55042+00 .19819-Q2 
43 .26108+02 .5'163 $\+ 00 .1731 (1- 02' 44 .28874+02 .54316+00 .15130-02 45 .31987+02 .54241+00 .13232-02 i 
w 46 .35496+07 .54 n 4+ 00 .11 5.73- 02 41 .394 60+02 .54318+00 .10122-02 48 _.43948+02 .54519+00 .88496 -03 C11 
49 .49043+02 .54823+ 00 .77 322-03 50 .564311+02 .55:8 81 +0.0 .65597-03 
PROI::lLEMS 33 & 34 IN TABLE 2 
VALUES or DS/DP/KR. (1I2)(OK/OP/KR) AND t<R DETERMINED FROM S V'S PC DATA 
1 .20493-01 .58796+00 .21463+00 2 .21811-01 .1%51+00 .20517 +00 3 .21423-01 .95278-01 .19158+00 
.. .17'143-01 .47195-01 .18496+00 5 .15124- [) 1 .28155-01 .18146 +00 6 .10059-01 .13998-01 ... 18027 +00 
1 .11371-01 .1254 5- o~ .17 94 6+ 00 -8 .13348- iJ 1 .12114-01 .11876+00 9 .16820-01 .13.l H -01 ..1'7812.00 
10 .35211-01 .24 D4 7- 01 .1711 t+ 00 11 .20312+00 .12339+00 .11488 +on 12 .31274+00 .16820+00 .167bl+00 
13 .21621+02 .55321+01 .5731 4- m 14 .270'32+02 .2~375+01 ~ 14989 -01 15 .11464+02 .81056+00 • ~06~5-02 
16 .17517+02 .. 95237+ 00 .68 S5 1-02 1 7 .2<'1 06+02 .5727£)+00 .2837f;-(l2 18 .17"63+02 .44396·~00 .24505-02 
19 .41115"02 .82916+ G'J .17 91< 5-02 20 .48515+02 .73545+00 .17196-02 21 .50170+02 .5'3011+00 .8b673-03 
22 .51840+02' .516?Q+on .73154-03 23 .98887"'02 •. 62355+00 .36383-03 24 .82437+02 .42588:'00 .27'342-03 
25 .'i3547+02 .24452+00 .25028·-03 26 .64270+02 .26601 +00 .23124-03 27 .79185+02 .29857+00 .21225 -C3 
2R .23586+03 _ .f.9715+00 .15 3!f 6'- 03 29 .2 13·94+() 3 .50639+00 .11306-03 3n .21903+03 .43165+00 .88606-u~ 
31 .19167+03 .3441 "+ 00 • 71 35 21- 0'1 32 .23395+J3 .36024+00 .67534-04 33 .21 '318+03 .31914+00 .58616 -01+ 
34 .47939+03 .52631+00 .43760-04 35 .50172+03 • q 6118 +00 .~3S40-04 36 .55502+03 .42423+00 .26850 -04 
31 .61;62+·03 .40077+ DO .21637- 04 3lJ .10998+04 .53183+00 .14036-04 39 .'33931+03 .38324+UO .111 £5-04 
40 .Q0874+03 .32 7f> 8+ no .9261 [1-05 41 .91675+03 .2'817n+oc .78968-f1S 42 .'34~53+03 .26427+00 .68353-05 
43 .qa21 J+O? .24723+ 00 • ')9187-05 44 .1 0295 + J 4 .2 31t 1') .. no .52705-(\Cj 4') .10842+04 .22376+00 .46747-05 
46 .11456+04 .21 5? ~ + on .41 ('f:7-05 47 .12133+J4 .20827 +00 .31290-05 48 .12873+04 .20227+UO .33487-05 
49 .13678+ 04 .1'37] 9+ 00 .3D 15 R- 05 50 .1469}+04 .1 '33 74 +00 .26964-05 
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(a) Problem 28 at T = 1.0. 
r 
(b) Problem 28 at T = 20.0. 
(c) Problem 28 at T = 90.0. 
Figure 19. Distribution of equipotential lines resulting from axisymmetric infiltration as given by the solution to a, b, and c. 
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. 01 
suggestions arc givcn herL~ as items which should be studied. Perhaps 
better alkrnalivl's C:1I1 he roulld. Tile writer believes the best means 
to investigak \Vhl'1hL~r Illcse sllggestions will result in imrroved 
methods is 10 adllally implelllCIl1 them in a comruter rrogram and 
study the perfonmncc of tile rrogram under varying conditions. 
An alternak formulation to the rroblem can be obtained by 
transforll1i ng the dependent variable h in the partial differential Eq. 5 
to a new variable ~ by means of the Kirchhoff Transformation. The 
Kirchhoff Transformation has been widely used to linearize or make 
equations more amenable to analytic solution methods. Examples of 
its use can be round in recent references dealing with moisture 
movement (Wooding, 1968; Philip, 1968a; Rubin, 1968). Rubin 
(1968), after applying the Kirchhoff Transformation, obtained finite 
difference solutions to two separate problems. The first problem 
consisted of two-dimensional predominantly horizontal infiltration 
into a sla:). Its solution was obtained by the alternating direction 
implicit Illethod. The secolld problem consisted of two-dimensional 
drainage to a ditch from a slab with the initial water table above the 
water level in the ditch. Its solution was obtained by the successive 
block over-relaxation method (see Varga, 1962, p. 194 or Forsythe 
and Wasow, 1960, p. 2()6) which is very similar to the alternating 
direction implicit method but requires an iteration to satisfy the 
boundary conditions of the elliptic type equation. Since Rubin was 
able to handle regions of near unit saturation in the problem of 
infiltration into the slab, the Kirchhoff Transformation may well 
improve the solution method. 
as 
To explain the Kirchhoff Transformation, Eq. 5 will be written 
l-\ (Ph) dh 
::;. (1\ (p ) 7 h) + _r __ 
r h r dr 
l dS .... (67) 
K :§t 
o 
The goal of the transformation is to linearize the first portion of the 
equation. Hence a new variable £ is introduced which is only a 
function of the pressure head £ - £ (Ph)' Calculating the gradient of 
this function yields 
7~ == ~ vp .......... (68) 
dP h h 
Upon comparing the right hand side of Fq. 68 with Eq. 67 it is clear 
that the proper choiee of £ is 
K (p ) ........... (69) 
r h 
But in order for this definition to linearize the first part of Eq. 67, it 
must be written in terms of the pressure head or 
In integral form Eq. 69 becomes 
1 ,P 
K(p) dp pg 
'-'Po 
...2L dS 
K ~ 
o 
. (70) 
. . . . . . . (71) 
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and Eq. 70 hccomcs 
c/£ ;)2£ +.....L 
oK d£ 1 d£ dS d£ 
+ 
r +- ...2L 
dr 2 dZ 2 K dPh dZ r dr K dPh dT r r 
...... (72) 
in which as before T= Kot. 
The boundary conditions in Fig. I under this transformation 
are: Boundary I to 2 d £/d r 0; Boundaries I to 
5 and 3 to 4 d£/d z = -Kr; and Boundary 4 to 5 
retains the initial values for g which are supplied from Eq. 5. 
While the nonlinear terms in Eq. 72 would generally be of lesser 
relative magnitude than the corresponding squared terms in Eq. 5, 
and consequently contribute a smaller value to the right hand side of 
the equivalent difference equation, this does not necessarily indicate 
that Eq. 72 will handle regions of near unit saturation better. One 
must keep in mind that the magnitude of £ will also be much 
smaller than h in general, and consequently the right side of Eq. 72 
must be smaller such that values for O£/OT need not become too 
large for constant 6T. 
Another possible means for improving the solution technique is 
to introduce an additional approximation, that if the saturation 
reaches a large enough value, say equal to 0.9, then the flow is 
indistinguishable from saturated flow. With this assumption the 
partial differential equation with portions of the flow field saturated 
would become elliptic in these regions and the alternating direction 
implicit method could be transformed into the successive block 
over-relaxation iterative method. One must recognize that this 
assumption would introduce additional approximations into the 
solution since, for the problem considered,in this report, no part of 
the soil will contain water at positive pressures (above atmospheric 
pressure), unless one were to assume positive pressure on the soil 
surface. Therefore saturated flow actually would be possible only for 
pressures less than zero but greater than some pressure equivalent to 
the bubbling pressure. 
An additional alternative to the alternating direction implicit 
method for obtaining the solution which may be less subject to the 
limitations mentioned above would be to use an implicit method 
such as the Crank-Nicholson method. In the Crank-Nicholson 
method the space derivatives (Le. the derivatives with respect to r 
and z) at the advanced time step are weighted equally with those at 
the current time step. This weighting procedure would result in a 
coefficient matrix of the algebraic system of equations resulting from 
the finite difference operator which is sparse, but whose nonzero 
elements are not all concentrated adjacent to the diagonal. This 
system might be effectively solved by the successive over-relaxation 
method. However, this iterative solution needed to advance each 
time step would greatly increase the amount of compu ter time 
required to obtain a solution. Since this iterative solution would be 
involved, the Crank-Nicholson method may adjust the interior values 
in line with those required by the boundary conditions as the partial 
differential equation begins to take upon itself the elliptic character-
istics, better than the alternating direction implicit method does. 
Because of the excessive amounts of computer time needed to 
implement the Crank-Nicholson method, this should be one of the 
last alternatives investigated. Prior to its implementation it is 
probably advisable to iterate across each radial and axial line with the 
equations from the alternating direction implicit method as would be 
done in the successive block over-relaxation method if only .one grid 
point along each line is assumed to contain saturated flow. 
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APPENDIX A 
STRUCTURE OF THE FORTRAN PROGRAMS 
Three separate FORTRAN IV programs have been written. The 
first program is designed to solve problems for two-dimensional 
infiltrating moisture applied over an infinite strip of specified finite 
width. The other two programs handle problems with axisymmetric 
moisture movement in which the water is applied over a horizontal 
circular area. One of these programs utilizes the Brooks-Corey 
equations to define relationships between the capillary pressure (a 
negative quantity) and the effective saturation and effective hydrau-
lic conductivity, which are needed in the solution to the partial 
differential equations. The final program requires that data be 
supplied which define the relationship between the capillary pressure 
and saturation. These input data are utilized through the Burdine 
Theory to define the needed relationship between capillary pressure 
and effective hydraulic conductivity as described in the body of the 
report. This latter program assumes that the surface beneath· the 
infiltrome ter is saturated and consequently solves problems in which 
the application rate equals the intake capacity of the soil. This 
program is distinguished from the other program designed for solving 
axisymmetric problems by referring to it subsequently as. utilizing a 
"table look-up" technique. 
The basic logic is similar in the three separate programs. 
Consequently they are not described separately, but rather an 
explanation or note is used where appropriate if one of the programs 
is significantly different in some respect. 
A simplified flow chart which describes the basic logic used in 
the programs is given in Fig. A-I. Each FORTRAN program consists 
of the main program, several subroutines and one function sub-
program Subroutines, etc. are used in the programs which are 
implemented as part of the UNIVAC 1108 system at the University 
of Utah, but are not standard on all systems under FORTRAN. 
These subroutines consist of tape reading and writing routines as well 
as routines for instructing the Gerber plotter at the installation. 
The .computations and functions performed by each of the main 
components of the FORTRAN program, as well as the element name 
given each component, are summarized in Table A-I. 
44 
Table A-I. Names of elements and purpose of each in the FORTRAN 
program. 
Element 
Name 8 
TRANS3 
START3 
LOOKU3 
STEPH3 
TRIDA3 
TRIDB3 
OUTPT3 
MOIS13 
PLTTER 
LAGRAN 
. Description of Functions and Computations 
Performed by Element 
Item No. 
from 
Fig. A-I 
Is the main program which specifies 
the problem and directs the order of 
computations and nature of written or 
printed out by calling subroutines, etc. 
in paper sequence 
Subroutine which initializes the pro-
blem 
Subroutine which computes values for 
(IlK,) (Sip) and (IlK,) (K,/p) for 
fifty equal increments of pressure by 
interpolating as necessary from the 
input data of p versus S, and 
implementing the Burdine theory for 
obtaining K versus p data. This Sub-
routine is only present in the program 
which utiliz~s table look-up. 
Subroutine which carries out the 
conputations needed to advance over 
a full time step. This subroutine calls 
TRIDA3 and TRIDB3. The major 
amount of the computations take 
place in this subrou~ine. 
Subroutine which solves the 
tridiagonal system of equations result-
ing from each axial grid line for the 
first portion of the time step 
Subroutine which solves the 
tridiagonal system of equations result-
ing from each radial grid line for the 
second portion of the time step 
Subroutine which prints the values of 
the array supplied as one of its argu-
ments 
Subroutine which computes the satu-
ration at each grid point within the 
wetting front and from this calculates 
the moisture accumulated since initial-
ization. This subroutine also prints 
saturation values if specified through 
an input parameter. 
Subroutine which makes a plot of iso 
lines (values· of which are given 
through an array argument to sub-
routine. Utilizes plot routines 
implemented on the UNIVAC 1108 
system at the University of Utah to 
utilize the Gerber plotter, and also call 
function subprogram LAG RAN re-
peatedly. 
Function subprogram which imple-
ments Lagranges interpolation formula 
1,2,4,5,7, 
8,9,24,26, 
28,29,30, 
32,33 
6 
3 
10,11,12,13, 
14,16,17,19. 
20,21,22 
15,18 
23 
25 
26 
31 
8The actual element names are those for the program which uses 
the Table Look-up technique. The 3 in the name denotes this. 
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I 
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I 
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I 
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I 
I 
I 
I 
Figure A-I, 
READ PARAMETERS WHICH ESTABLISH THE DIMENSIONS AND SOIL If no more 
CHARACTERISTICS, INITIALIZES THE PROBLEM AND DETERMINESI'--- Solutions 
THE MANNER OF OU'TPUTING THE SOLUTIONS Specified 
• STOP 
IESTABLISHES VALUES FOR A NUMBER OF VARIABLES TO BE USEd LATER IN THE COMPUTATIONS "I , 
t)\ CALLS SUBROUTINE WHICH READS P vs S DATA AND ESTABLISHES VALUES I 
\:V FOR (l/Kr )oS/op and (l/Kr) OKr/Op FOR 50 EQUAL INCREMENTS OF p. 
(This Subroutine is used only for the program using Table Look- Up) 
~ALL SUBROUTINE )~4 (';\ READ INITIALIZING VALUES 
WHICH INITIALIZES \31 ~ FOR BOTH THE HIDRAULIC 
TWO TWO-DIMEN - IS HEAD AT THE FIRST AND 
SIONAL ARRA YS FOR NO NITIATION TO B ' YES- SECOND PORTIONS OF THE 
HYDRAULIC HEAD,AS INPUT TIME STEP 
W ELL AS HEIGHT FOR 
EACH AXIAL GRID LINE 
lAND VALUES FOR l/r 
FOR EACH RADIAL 
GRID LINE 
CD START THE SOLUTION BY GRADUALLY INCREASING THE PRESSURE ON THE SURFACE 
SOIL UNDER THE INFILTROMETER RING DURING SEVERAL TIME STEPS (as specified 
through input parameters) UNTIL IT BECOMES SATURATED. (This portion of the logic 
exist only for the program using Table Look- Up) 
® 
, 
DO 
for number of 
time steps spec-
ified by input 
parameters 
® SHOULD VALUE OF TIME INCREMENT BE INCREASED OR DECREASE YES;-. 
NO I FOR THIS TIME STEP AS SPECIFIED :i3Y INPUT, OR AS DETERMINED 
'
INCREASE FROM PRECEDING TIME STEP COMPUTATIONS OR DECREASE 
AS 
L---------~--------------------,-----------------.----------------tSPECIFIED 
SUBROUTINE which compute s new values of hydraulic head for the new 
-- -- ---'- --- -- --- -I-- -- -- --- -- -- -- --- ----
time step / 
Carrie·s out computations for advancing the hydraulic head for the first portion of r --th: ~ime ste; - --- -@ - -:0--- ------ --------_eo] 
for grid points on 
surface beyond infilto-
meter ring 
@ ICOMPUTE VALUES FOR DIAGONAL ELEMENTS IN COEFFICIENT MATRIX 
IA AND VALUES FOR VECTOR B IN EQUATION NO. 26 
@ ISOLVE TRIDIAGONAL SYSTEMI 
DO 
for interior grid points 
advancing on the axial grid line s >--------------.., 
starting just below the 
~~~~~~~~~~~~~S~O~il~su~r~f~a~c~e;;;;;;~~~~~~~~~~~~~/ Qj) ~OMPUTE VALUES FOR DIAGONAL ELEMENTS IN COEFFICIENT MATRIX 
AND VALUES FOR VECTOR B IN EQUATION NO. 26. Contains a 
DO loop over interior grid lines advancing on radial lines. 
@ !cALL SUBROUTINE TO SOLVE THE J 
I TRIDIAGONAL SYSTEM 
DO 
for final axial line of grid 
points in head of wetting front or 
on imperviouw layer at bottom 0 
soil profile 
t Qj ~OMPUTE VALUES FOR DIAGONAL ELEMENTS IN COEFFICIENT MATRIX 
A AND VALUES FOR VECTOR B IN EQUATION NO. 26. Contains a 
DO loop over interior grid points advancine: on radial lines. 
o ICALL SUBROUTINE TO SOLVE THE) 
L I TRIDIAGONAL SYST.FM I 
-- -------------- --------- -- --- - - ----- ----------
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I 
I 
I 
I 
I @ 
- ------------------ ----------------
SHOULD VALUES FOR HEAD FOR FIRST 
PORTION OF TIME INCREMENT BE PRINTED 
FOR THIS TIME STEP AS SPECIFIED BY INPUT 
YES 
ALL SUBROUTINE 
HICH PRINTS 
HYDRAULIC HEAD 
COMPUTE VALUES FOR DIAGONAL ELEMENTS IN COEFFICIENT MATRIX 
A AND VALUES FOR VECTOR B IN EQUATION NO. 26. Contains a DO 
I 
I 
I 
I TRIDIAGONAL SYSTEM 
I 
I 
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- ---- ----~ I I L:: ________ ---
1 ___ -
Figure A-I. Continued. 
SHOULD 
VALUES FOR HYDRAULIC 
HEAD AT COMPLETION OF COMPUT-
TATIONS AT THIS 
TIME STEP BE 
PRINTED 
NO 
CALL SUBROUTINE 
WHICH PRINTS 
HYDRA ULIC HEAD 
~ 
SHOULD 
VALUES FOR SATURATION 
o CALL SUBROUTINE WHICH 
COMPUTES SATURATION. 
BE COMPUTED IN ORDER TO DETERMINE 
AMOUNT OF MOISTURE ABSORBED BY SOIL I----YES 
AT THIS TIME STEP 
If specified by input paran:-
eter, values for saturation 
within the wetting front are 
rinted. 
ARE 
VALUES AT FIRST 
POR TION OF TIME STEP 
LESS THAN AT SECOND 
POR TION OF TIME 
STEP 
NO 
DECREASE TIME INCREMENT 
FOR NEXT TIME STEP 
YES 
SHOULD 
P LOT OF ISO-HEAD 
LINES BY MADE FOR 
THIS STEP 
SHOULD 
HYDRAULIC HEAD AT 
NO-IIf--""'I THIS TIME STEP BE TRANS-
FERRED TO TAPE OR 
DRUM STORAGE 
I 
YES 
@ CALL SUBROUTINE FOR DRA WING 
ISO-HEAD LINES. This subroutine 
YES - repeatedLy calls a Function Sub-
program which implements Lagrange's 
interpolation formula. 
CALL SUBROUTINE IMPLEMENTED ON THE UNIVAC 1108 
SYSTEM A T THE UNIVERSITY OF UTAH FOR TRANSMITTING 
BINARY DATA DIRECTLY FROM CORE STORAGE TO TAPE 
OR DRUM OR IN THE REVERSE DIRECTION. These same 
routines may be called to initialize the beginning of a solution. 
Should this be the final time step for this problem the hydraulic 
head at the first portion of the time step is also out ut. 
END 
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N1X= 1 NX= 32 NY= IS NT:: 400 PI:: - B.O 00 0 Y:: 1.00 DE L T = .0020 Q= 
.010000 
3 10 6 "'! 0 1 0 1 1.00000 .Dnooo 
.00080 
SR:: .085 lAM8DA:: 2.00 POROSITY= .300 KO= 1. O~ 00 PB= -3.00 
RADIUS CVEQ w~ICH INFIlTR~TION OC~UR5 
.42851 
-.549(![1 • 6f\ 01 1 
-2.00000 24.67714 
.42857 
.00 211 8 
.07143 6.33062 
1 .241 .241 .241 .241 .241 .241 .237 .189 .187 
2 • 191 .lql • 1 q 1 .1 91 .1 'H .191 .1 91 .188 
3 • J gD .1~0 .190 .190 .} 90 .190 .190 
VOLUME OF WATER 48S0R8EO BY SOIl= 
.0004 f:9 7 
VALUES OF THE TOT III H EA 0 Fa R TIME :: .02 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 I -6.172 -6.172 
- 6. 172 -6.172 -6.173 
- 6.180 - 6.2 q!,; -7.817 -7.996 -P. 0 00 
- g.o 00 .-8.000 -8.000 
-8.000 2 - 7. R4 7 -7.?-47 
- 7.847 - 7.847 -7. B 47 -7.R47 
-7.8 SO 
- 7.991 -8.000 -8.000 -8.000 -8.000 -8.000 -8.00 a 3 -7. c:.-0'.f -7.994 -7.9g4 
- 7. q 94 -7. '3 94 
-7.995 -7.9915 -8.0OJ - 8.0 (10 -8.0 00 -8.000/ -a.ooo -8.000 -8.000 
" 
-8.oni) - B. 01)0 - P.. oro - 8. n r.iJ - A. 0 00 - 9.0 OD - 8.000 
- 8.0 OLl -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 5 - s.oo') - 8.0 no - B. noD - 8.0 '10 - R. 0 "10 - 8.0 Of'! - 8. 000 
- 8.000 - 8.000 -8.000 
- 8.0 00 -8.000 -8.000 -8.000 6 - 8. noD - 8. [) 00 - R. 00'1 - 8. ~ 1)0 - 8. n GO - B. 0 '10 - 8.0 on - R. 000 - 8.000 -8.000 - 8.0 OLl -8.000 -8.000 -8.000 7 - 8. OC,) - 8. r; 0'] - p. (1 r"l -p..orJO 
- 8 • ~ ['10 - 8. '10D - 8.0 or - 8.000 
- 8.000 -S.O 00 - 8.000 -8.000 -8.000 -8.00u > ""C 8 - 8. 01)3 - 8.01)0 -8.00~ - 8. 0 r)!) -?o 00 -8.0 on 
- 8.0 no - 8.000 -8.000 -8.000 
- 8.000 -8.000 -S.OOO -8.000 ""C 1 • 245 .745 • 245 • 2 4S .245 .24r:, .240 .1 gO .187 ~ ~ :2 
'-I "l • 192 .192 • 1 '32 .1 92. .192 .} c:l2 .1 g2 .189 0 3 .190 .HIO .190 .190 .1 90 .1 '3!] .190 .190 -VOlU~E OF WATEP ABSORBEO 8y ~OIL= 
.0005189 ~ 
t:C 
VALUES OF THE TOTAL HEAD FOR TIME = .08 
1 2 3 If 5 6 7 8 9 10 1 1 12 13 14 15 
-5.840 -S.R40 - 5. 84n -5.841 - 5.845 -5.374 - 6.063 -7.470 -7.931 -7.994 - 8.000 -8.000 -8.000 -8.000 -8.000 
? -7.119 -7.11q -7.119 - 7.1 20 -7.126 -7.160 -1.320 -7.839 -7.979 -7.998 -8.000 -8.000 -8.000 -8.000 -8.000 
3 - 7. BS 4 -7.BSII - 7.854 -7.854 -7.8 S5 -7.862 -7. e 93 -7.975 -7.997 -8.000 - B .000 -8.000 -8.000 -9.000 -8.000 
4 - 7.985 -7.985 -7.985 - 7.985 -7. '3 85 -7.985 -7. 9 8~ -7.997 -8.000 -8.000 - 8.000 -8.000 -S.OOo -8.000 -8.000 
5 -7.999 -7.999 -7.999 -7.999 -7.999 -7.999 -7.999 -8.000 -8.000 - 8.0 00 -8.000 -8.000 -8.000 -8.000 -S.OOO 
6 -8.0nO - 8. 000 - 8. 000 - 8.0 no -8.000 -8.000 - 8.000 - 8 • 0 00 - - 8 .000 -8.000 - 8.000 -8.000 -8.000 -8.000 -8.000 
7 - 8. ono - 8. 0 00 - 8. roo - 8. 0 00 -~. 0 00 - ~. DOD - 8.000 - 8.000 -8.000 -8.000 - '3.000 -8.000 -8.000 -8.000 -8.000 
8 - S. 000 -a.orm - 8. 000 - 8. 0 00 -8.0 no - 8.0 Oil -8.000 - 8.000 ~ 8.000 -a.ooo - 8.0 (10 -8.000 -8.000 -8.000 -8.000 
9 -8.0110 - a. a 00 - 8. nno - 8. 0 00 -8.0 no -8.0 no - 8.000 - 8.000 -8.nOO -8.000 -B.OOo -8.000 -8.000 -8.000 - S. 000 
10 - 8. 000 - 8. 000 - 8. r. on - 8.00::1 -8.0 no -8.000 - 8.0 no - 8.000 -8.000 -8.000 - 8. a 00 -R.OOO -8.000 -8.000 -8.000 
1 .261 .261 .261 .261 .261 .2S9 .250 .200 .188 .187 .187 
2 ."l12 .212 .?1~ • 212 • 212 • 211 .2 Of; .192 .189 .188 
3 .194 .194 • 1911 .194 .193 .193 .193 .191 .19Ll .190 
q 
.. 192 .197. .192 .192 • 192 .192 .192 .1 92 '.192 
5 • 193 .193 • 193 .193 .193 .193 .193 
VOLUME OF WATEP ABSORBED BY SOIL= .0010321 
r 'I 
VALUES OF THE TOTAL HEAD FOR TIME = .20 
.1 2 3 q 5 6 7 8 9 10 11 12 13 1q 15 16 
1 - 5.381 -5.381 - 5.385 - 5. 3 97 -5.1f 31 -5.520 -5.787 -6.954 -7.700 -7.9ql -7.991 -7.999 -8.000 -8.000 -8.000 - 8.000 
2 - 6. 003 -6.G03 - 6.010 - 6. 0 32 -6.090 -6.230 -6.559 -7.323 -7.812 -7.963 -7.9·91l -7.999 -8.000 -~.OOO -8.000 - 8.000 
3 - 7.019 -7.019 -7.024 -7.041 -7.087 -7.197 -7.417 -7.753 -7.933 -7.986 -7.998 -8.000 -8.000 -8.000 -8.000 - 8.000 
4 -7.736 -7.736 - 7.138 - 7. 742 -7.756 -7.790 -7.855 -7.939 -7.g83 -7.996 -7.999 -S.OOO -8.000 -B.OOO -8.000 - 8.000 
5 -7.950 -7.g50 - 7. 950 -7.951 -7.953 -7.960 -7.972 -7.988 -7.996 -7.999 -8.000 -8.000 -8.000 -8.000 -B.OOO - B. 000 
6 -7.992 -7.992 - 7. 992 - 7. 992 -7. C) 92 -7.993 -7.995 -7.998 -7.999 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 - 8.000 
7 -7.999 -7.999 - 7. 999 -7.999 -7. CJ 99 -7.999 -7.999 - 8 .000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 - 8.000 
8 - 8. 000 - ~. 000 - S. 000 -8.000 -8.000 -8.000 - 8.0 00 -8.000 -8.000 -8. 000 -8.000 -8.000 ":'8.000 -8.000 -B.OOO - 8.000 
9 - 8. ooa -8.000 - 8. noD - 8. 0 00 -8.000 -8.000 -8.000 - 8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 - 8.000 
10 - 8. 000 - 8. DOG - A. 000 - 8. 0 00 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -B. 00 0 - 8.000 
11 - 8. 000 - 8. 000 - 8. ODD - 8. 0 00 -8.000 -8.000 -8.000 -8.000 -8 .• 000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 - 8.000 
12 -8.000 -8. 000 - 8.000 - e. 000 -8.0 00 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 .-8.000 -s .. OOO -8.000 - 8.000 
1 .287 .287 .287 .286 .2811 .279 .2611 .215 .191f .188 .187 .187 
2 .256 .256 .256 .255 .252 .246 .232 .206 .193 .189 .188 .188 
3 .218 .218 .218 .2'17 .215 .212 .205 .196 .192 .190 .190 .190 
4 .198 .198 .198 .198 .198 .197 .195 .193 .192 .192 .192 
5 .195 .195 • ] 95 .195 .195 .1911 .1 'l4 .194 .1911 .193 
6 .195 .195 .]Q5 .195 .195 .195 .195 .195 .195 
7 .197 .191 • ] ~H .197 .191 .197 .197 .197 
VOLUME OF WATER AgSORBEO RY SOIL= .0023908 
VALUES OF THE TOTAL HEAD FOR TIME = .36 
1 2 3 II . 5 6 7 8 9 10 11 12 13 14 15 16 
~ 1 - 5. Olf 9 -5.049 - 5.062 - 5. 0 92 -5.152 -5.269 -5.539 -6.1149 -7.279 -7.169 -7.9 q3 -1.988 -1.998 -8.000 -8.000 - 8.000 co 
2 - 5. q32 -5. q 32 - 5. If 53 - 5.500 -5.587 -5.750 -6.061 - 6. 7 25 -7.qI3 -7.813 -1.953 -1.990 -1.998 -8.000 -8.000 - 8.000 
3 - 5. g59 -5.959 - 5. 9813 - 6. 0 50 -6.162 -6.359 - 6.690 -7.202 -1.662 -1.895 -1.973 -7.99q -7.9·99 -8.000 -8.000 - 8.000 
II - 6. 73fl -6.734 -~. 764 - 6.827 -~. 9 38 -7.113 -7.361 -7.651 -7.860 -7.956 -1.988 -7.997 -7.999 -8.001l -8.000 - 8.00'0 
5 -7.505 -7.505 -7.519 -1.550 -7.6 03 -7.683 -7.785 -7.887 -1.9511 -7.985 -7.996 -7.999 -8.000 -8.000 - 8.000 - 8.000 
6 -7.866 -1.866 - 7. R 70 -7.878 -1.893 -7.915 -1.943 -7.970 -7.987 -7.996 -1.999 -8.000 -8.000 -8.000 -8.000 - 8.000 
1 -7.969 -7.969 - 7.970 - 7. 972 -7. q 75 -7.980 -7.986 -7.993 -7.997 -1.999 -8.000 -s.OOO -8.000 -8.000 -8.000 - 8.000 
8 -7.993 -7.993 -7.9~4 - 7. 994 -1.995 -7.996 -7.997 -1.998 -7.999 -8.0 no -8.0no -8.000 -8.000 -8.000 -8.000 - 8.000 
9 -1.999 -7.99«3 - 7. 999 -7.999 -7.999 -7.999 -1.999 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 - 8.000 
10 - 8. ann - 8. 000 - 8. 000 - 8.000 -8.000 -R. 000 - 8.0 no -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 - 8.000 
11 - 8. 000 - 8. 000 - 8. 000 - 8. 0 00 -8.000 -8. 000 - 8.0 DO - 8.000 -8.000 -8. a 00 - 8.000 -8.000 -8.000 -8.000 -8.000 - 8.000 
12 -8.000 - 8. 000 - 8. 000 - 8. 0 00 -8.000 -8.000 -8.000 - 8.000 -8.000 -8.000 -8.000 -~.OOO -8.00C -8.000 -8.000 - 8.000 
13 - 8. 000 -'8.000 - 8. noo - 8. 0 00 -g.o no - 8.000 -8.0 no - 8 .000 -8.000 -8.000 -8.000 -13.000 -8.000 -8.000 -8.000 - 8.000 
III - 8. 000 - 8. 000 - 8. oro - 8. 0 00 -R. a no -8. 000 -8.000 - 8 .000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 - 8.000 
1 .310 .3to .309 .307 .303 .295 .278 
.233 .205 .192 
.188 .187 .187 .187 2 .289 .289 .281 .2811 .279 .270 .253 .226 .203 .193 .189 .189 .188 .188 3 .262 .262 
.261 .258 .252 .2q3 
.230 .212 
.198 .193 .191 .190 .190 II .231 .231 .229 .227 .223 .217 .209 .201 
.195 .193 .192 .192 .192 5 .207 .207 .206-
.206 .2 Olf .202 .199 
.196 
.195 .194 .194 
.193 6 .199 .19q .1~9 .198 .198 .197 .197 .196 .196 .195 .195 .195 7 .198 .198 .198 
.198 .198 .198 .191 .197 .197 .197 .197 8 .199 .199 .199 .199 .199 .199 .199 .199 .1
1
99 
-!.2Q ~\ 9 .201 .201 .201 .201 ? n1 
VALUES OF THE TOTAL HEAD FeR TIME = .58 
1 Z 3 ,. 5 6 7 8 9 10 I 1 12 13 14 15 16 
1 - 4.845 - 4.845 -4.862 -4.901 -It. ~ 68 -5.089 - 5.338 - 6.055 - 6.754 -7.379 -7.766 -7.928 -7.980 -7.995 -7.999 - 8. 000 
2 - 5.126 - 5.126 - 5. 1 5~ - 5. 2 OF. -5.298 - 5. '155 -5.733 - 6.253 -6.871 -7.'141 -7.790 -7.935 -7.982 -7.995 -7.999 - 8.000 
~ -5.'170 - 5. 'I 7(1 - 5. 5 0'1 - 5.572 - 5.686 - 5.868 - 6.1 58 -6.603 -7.132 -7.589 -7.848 -7.953 -7.987 -7.996 -7.999 - 8.000 
4 - 5. 903 -5.903 - C;. 945 - 6. 0 26 -f..158 -6.359 - (;.650 -7.040 -7.450 -7.755 -7.911 -7.972 -7.992 -7.998 -7.999 - 8.000 
5 -6.460 -6.460 - 6.507 -6.598 - 6.738 - 6.935 -7.1Bg -7.474 -7.723 -7.881 -7.956 -7.986 -7.99& -7.999 -8.000 - 8.000 
6 -7.121 -7.121 -7.161 -7.234 -7.341 -7.477 -7.630 -7.775 -7. ~ 86 -7.951 -7,981 -7.994 -7.998 -7.999. -8.000 -8.000 
7 - 7.640 -7.64n - 7. 660 -7.696 -7.745 -7.804 -7.866 -7.920 -7.959 -7.982 -7.993 -7.997 -7.999 -8.000 -8.000 - 8.000 
8 - 7. 8R q -7.884 -7.891 - 7. 903 -7.919 -7.938 -7.957 -7.974 -7.987 -7.994 -7.997 -7.999 -8.000 -8.000 -8.COO - 8.000 
9 -7.907 -7.967 -7.969 -7.972 -7.~77 -7.982 -7.987 -7.992 -7.995 -7.998 -7.999 - 8 .000 -8.000 -8.000 -8. GOO - 8. 000 
10 - 7.991 - 7.991 - 7. 992 -7.992 '-7.993 '-7.995 -7.99; -7.998 -7.999 -7.999 -8.000 -8.000 -8.000 -8.000 -8.000 - 8.0"00 
11 -7.998 -7.998 - 7. 998 -7.998 -7.998 -7.999 -7.999 -7.999 - 8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8. 000 - 8.000 
12 -7.999 -7.999 - 7. 99~ -7.999 -7.999 -8.000 - 8.000 - 8.000 -8.000 -8.000 -8.000 --8.000 -8.000 -8.000 -8.000 - 8.000 
13 - 8. 000 - 8. ono - 8. 000 - 8. 0 00 -P. .ono -8.000 -8.000 -8.000 -8.000 -A.OOO -~.OOO -R.OOO -8.000 -8.000 -8.000 - 8.000 
14 - 8. anD - 8. 000 - 8. ann - 8.000 -8.000 -8.000 - 8.0 no - 8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 - 8. "000 
15. - 8. 000 - 8. 000 - S. ono - 8. a 00 -8.000 -8. 000 -8.000 - 8.000 -8.000 -8. 000 -e.ooo -8.000 -8.000 -8.000 -8.000 - 8.000 
17 18 19 20 
1 - 8.000 -8.000 - 8. 000 -8.000 
2 - 8.000 - B. 000 - 9. 000 - 8. 0 00 
3 - 8. 001) - A. 0 00 - 8. 000 - 8. 000 
4 - 8.000 - 8. 000 - 8. 000 - 8. 0 00 
~ 5 -8.000 -8.000 - 8. 000 - 8. 0 00 
CD 6 - 8. 000 - 9. 000 - 8. 000 - 8. 0 00 
7 - 8. 000 - 8. 000 - 8. ooa - 8. 000 
8 -8.00a - 8.000 - 8. 000 -8.000 
9 - 8. 000 - 8. 000 - 8. 000 -8. [) 00 
10 - 8.000 - 8. 000 - 8. 001] - 8. 0 00 
11 -8.000 - 8. 000 - 8. 000 - 8.0 00 
12 - 8. 000 - 8. 000 - 8. Don - 8. 0 00 
13 - 8. 000 - 8. 000 - 8. 000 - 8. 000 
IlJ - 8. 000 - 8. 0 00 - 8. 000 -8.000 
15 - 8. 000 - 8. 000 - 8.000 -8.000 
1 .326 .326 .325 .322 '.316 .301 .290 .250 .222 .202 .192 .188 .181 .187 .181 .187 
2 .310 .310 .308 .304 .297 .281 .271 .245 .220 .203 .193 .190 .189 .188 .188 ;188 
3 .291 .291 .288 .284 .217 .267 .252 .233 .214 .200 .194 .191 .190 .190 .190 
" 
.26q .26q .267 .262 .256 .246 .234 .219 .206 .198 .19q .192 .192 .192 .192 
5 .245 .245 .243 .239 .233 .226 .217 .208 .201 .196 .195 .19lJ .194 .193 .193 
6 .222 .222 .'220 .218 .211f .2,10 .205 .201 .198 .197 .196 .195 .195 .195 
7 .201 .207 .207 .205 .20Q .202 .201 .199 .198 .198 .197 .197 .197 .191 
8 .202 .202 .202 .202 .2 !Jl .201 .200 .200 .199 .199 .199 .199 .199 
9 .202 .7.02 .202 .202 .202 .201 .201 .201 .201 .201 .201 .201 
10 .203 .203 .203 .203 .203 .203 .203 .203 .203 .203 .203 
11 .205 .20S .2-05 .• 205 .205 .205 .2 OS .205 I .205 I 
12 .201 .201 .201 .207 .201 .207 .201 
VOLUME Of WATER ABSORBED BY SOIl= .0077612 
-~'"' 
I 'II 
VALUES OF THE TOTJL HEAD FOR TI~E = .78 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
1 - 4.748 -4.748 - 4. 76f> -4.80S -If. 8 73 -1f.990 - 5.221 -5.841 -6.1f l" -7.022 -7.512 -7.805 -7.933' -7.979 -7.99" -1.998 
2 - 11.991 -4.991 - 5. 017 -5.069 -5.158 -5.305 -5.556 - 6 .002 -6.530 -7.083 -7.541f -7.818 -7.937 -7.980 -7.9911 -1.998 
3 -5."173' -5.273 - 5. 30G - 5. 371 -5.477 -5.642 -5~897 -6.279 -6.750 -7.241 -7.632 -7.854 -7.949 -7.984 -7.995 -7.999 
4 - 5.606 -5.~0(; -5.645 - 5. 721 -5.841 -6.020 -6.278 -6.630 -7.046 -7.450 -7.743 -7.899 -7.965 -7.989 -7.996 - 7.999 
5 - 6. rlOG ~6.nOE; - 6. 051 - 6.136 -6.268 -6.457 -6.711 -7.029 -7.369 -7.659 -7.846 -7.940 -1.978 -1.993 -7.998 - 7.999 
6 - 6.48 q -6.48q - 6.531 -6.628 -6.763 -6.946 -1.171 -7.419 -7.64q -7.820 -1.920 -7.968 -i.988 -7.996 -7.999 - 8.000 
7 -7.03F; -7.03f. - 7.1181, -7.161 -7.273 -7.413 -7.566 -7.715 -7.835 -7.917 -7.963 -7.985 -7.994 -7.998 -7.999 - 8. 000 
8 -1.520 -7.520 -7.54R -7.597 -7.662 -7.738 -7.813 -7.881 -7.932 -7.965 -7.984 -7.993 -7.997 -7.999 -8.000 - 8.000 
9 -1.80q -7.ROet -7.821 -7.842 -7.870 -7.900 -7.930 -7.955 -7.97'1 -7.986 -7.994 -7.997 -7.'999 -7.999 -8.000 - 8.000 
10 -7.934 -7.934 - 7. 938 -7.945 -7.955 -7.965 -7.975 -7.984 -1.991 -7.995 -7.997 -1.999 -7.999 -8.000 -8.000 - 8.000 
11 -1.978 -7.978 -1.980 -7.982 -1.985 -7.988 -1.992 -7.995 -7.997 -7.998 -7.999 -7.999 -8.000 -8.000 -8.000 - 8. 000 
12 -7.993 -7:993 ~ 7. 994 -7.994 -1.995 -7.996 -7.997 -7.998 -7.999 -7.999 -8.000 -8.000 -8.000 -8.000 '-8.000 - 8.000 
13 -7.998 -1.998 - 7. 998 -7.99.8 -7.998 -7.999 -1.999 -7.999 -7.999 -8.000 -8.000 -8.000 -8.000 -8.0.00 -8.000 - 8.000 
14 -7.999 -7.99q - 7. 99q -7.999 -7.999 -7.999 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 - 8.000 
15 - 8. 000 - 8. ono - 8.000 - 8. 0 00 -8.000 -8.000 -8.0 no -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 -8.000 - 8.000 
17 18 19 20 21 22 
1 -7.999 - 8. 000 - 8. 000 - 8. 0 00 -8.~ 00 -8.000 
2 -7.999 - 8. 0 00 - 8. 000 -8.000 -8.000 -8.00'1 
3 - 8. 000 - 8. 000 - 8.000 -8.000 -8.000 -8.000 
II - 8.000 -8. Don - 8. 000 - 8. 0 00 -8.000 -8.0 o~ 
5 - 8. 000 - 8. 000 - 8. 000 - 8. 0 00 -8.000 -8.0 on 
6 - 8.000 - 8. ono - 8. 000 -8.000 -8.000 -8.001'] 
7 - 8. 000 ~ 8. 000 - 8. 000 -8.000 -8. (] 00 -8.0 on 
8 - 8.000 - 8. Don - 8. 000 -8.000 -8.000 -8.000 
9 - 8. 000 - 8. 000 - 8. noD -8.000 -8.000 -8.0 on 
10 - 8.000 - 8. 000 - 8. ooa -8.000 -8.000 -8.0 on 
UI 11 - 8.000 - 8.000 - 8. 000 -8.000 -8.000 -8.00!J 0 
12 - 8. nOf) - 8. a no - fi. ODO -8.0 OJ -8.000 -8.0 on 
13 - 8. 000 - 8. 000 - 8.noo - 8. 0 00 -8. a 00 -8.0 on 
14 - 8. oon - 8.0 00 - 8. 000 - 8. 0 00 -8.000 -8.000 
15 - 8. 000 - 8. 000 - e. 000 - 8. 0 00 -8.000 -8.n 00 
1 .334 .331, .333 .329 .321f .31" .2 '3S .261 .23'1 .213 .199 .191 .188 .187 .187 .187 
.187 
2 .320 .320 .318 .314 .307 .297 .281 .256 .233 .213 .200 .193 .19.0 .189 .188 .188 
.188 
3 .30" • 304 • 302 .297 .290 .. 280 .266 .247 .227 .211 .199 .19'1 .191 .190 .190 .190 
.190 
If .287 .287 .28'1 .280 .273 .263 .250 .235 .'219 .206 .198 .191f .19·3 • f92 .192 .192 
.192 
5 .267 .261 .265 .260 .251f; .245 .234 .222 .211 .202 .197 .195 .19Cf .19'1 .193 .193 
6 .247 • 241 .245 . .241 .235 .228 .220 .212 .205 .200 .197 .196 .196 .195 .195 .195 
7 .227 .227 .226 .223 .219 .214 .209 .205 .202 .199 .198 .197 .197 .197 .197 
.197 
8 .213 .2 p; .212 .211 .209 .206 .204 .202 .20l .200 .199 .199 .19.9 .199 .199 
9 .206 .2 m; .• 206 .205 .205 .204 .203 .202 .202 .201 .201 .201 .201 .201 
10 .205 .21)5 .205 .204 .201f .201f .204 .203 .203 .203 .203 .203 .203 .203 
11 .206 .206 .206 .205 .205 .205 .205 .205 .205 .205 .205 .205 .205 
12 .207 .207 .201 .207 .207 .207 .207 .207 .207 .207 .207 
13 .209 .209 .20Q .209 .209 .209 .209 .209 .209 .209 
14 .211 .211 • 211 .21l .? 11 ~ 71) Ii:'" .. 
II l 
